Lie-algebraic classification of effective theories with enhanced soft
  limits by Bogers, Mark P. & Brauner, Tomáš
Prepared for submission to JHEP
Lie-algebraic classification of effective theories
with enhanced soft limits
Mark P. Bogers and Toma´sˇ Brauner
Department of Mathematics and Physics, University of Stavanger,
N-4036 Stavanger, Norway
E-mail: mark.bogers@uis.no, tomas.brauner@uis.no
Abstract: A great deal of effort has recently been invested in developing methods of calcu-
lating scattering amplitudes that bypass the traditional construction based on Lagrangians
and Feynman rules. Motivated by this progress, we investigate the long-wavelength behav-
ior of scattering amplitudes of massless scalar particles: Nambu-Goldstone (NG) bosons.
The low-energy dynamics of NG bosons is governed by the underlying spontaneously bro-
ken symmetry, which likewise allows one to bypass the Lagrangian and connect the scaling
of the scattering amplitudes directly to the Lie algebra of the symmetry generators. We
focus on theories with enhanced soft limits, where the scattering amplitudes scale with a
higher power of momentum than expected based on the mere existence of Adler’s zero.
Our approach is complementary to that developed recently in ref. [1], and in the first step
we reproduce their result. That is, as far as Lorentz-invariant theories with a single phys-
ical NG boson are concerned, we find no other nontrivial theories featuring enhanced soft
limits beyond the already well-known ones: the Galileon and the Dirac-Born-Infeld (DBI)
scalar. Next, we show that in a certain sense, these theories do not admit a nontrivial gen-
eralization to non-Abelian internal symmetries. Namely, for compact internal symmetry
groups, all NG bosons featuring enhanced soft limits necessarily belong to the center of
the group. For noncompact symmetry groups such as the ISO(n) group featured by some
multi-Galileon theories, these NG bosons then necessarily belong to an Abelian normal
subgroup. The Lie-algebraic consistency constraints admit two infinite classes of solutions,
generalizing the known multi-Galileon and multi-flavor DBI theories.
Keywords: Global Symmetries, Scattering Amplitudes, Effective Field Theories,
Spontaneous Symmetry Breaking
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1 Introduction
Recent years have seen a surge of interest in novel computational methods for scattering
amplitudes in particle physics [2]. On the practical side, the motivation for these efforts
has been provided by current and future particle collider experiments, and the need to
bypass the combinatorial explosion that plagues standard perturbation theory based on
Lagrangians and Feynman diagrams. More fundamentally, however, the work along this
direction has brought to light new structures in quantum field theory, completely invisible
to standard perturbative techniques (see refs. [3–5] for recent reviews). Different methods
to evaluate scattering amplitudes in quantum field theory have thus been put forward,
based on recursion relations [6–10] as well as other approaches [11, 12].
While the original works focused mostly on gauge theory, more recently the behavior
of scattering amplitudes in nonrenormalizable effective field theories (EFTs) for massless
scalars — Nambu-Goldstone (NG) bosons — has attracted considerable attention, see for
instance refs. [13–15]. In this case, the asymptotic behavior of scattering amplitudes in the
limit of zero energy (the soft limit) is of particular interest. Namely, spontaneous symmetry
breaking implies, apart from the very existence of NG bosons, that the interactions of NG
bosons become weak at low energies. The fact that the scattering amplitude for a process
involving a NG boson and an arbitrary number of other particles vanishes in the limit
where the NG boson momentum goes to zero (single soft limit), is usually referred to as
Adler’s zero.1 Apart from the single soft limit [19–23], other kinematic regimes such as
the double soft limit where the momenta of two participating NG bosons are sent to zero
simultaneously [24–27], have been investigated.
Let us be concrete and consider a scattering process involving a set of N particles with
four-momenta p1, . . . , pN . Now deform the momenta by introducing a scaling parameter z
and redefining the momenta pi to p˜i(z) so that:
• All the particles remain on the mass shell regardless of the value of z.
• Energy and momentum conservation is respected regardless of the value of z.
• The first four-momentum is merely rescaled, p˜1(z) = zp1.
• The other four-momenta have a nonzero limit, lim
z→0
p˜i(z) 6= 0 for i 6= 1.
The scattering amplitude A (p1, . . . , pN ), once expressed in terms of the modified momenta,
can then be symbolically expanded in powers of z as
A (p˜1(z), . . . , p˜N (z)) ∝ zσ + terms of higher order in z. (1.1)
Provided that the particle with four-momentum p1 is a NG boson, the Adler zero condition
requires that σ ≥ 1. In the following, we will refer to the soft limit as enhanced if σ ≥ 2.
The question of what values the leading power σ can take and how it depends on the
given theory has been addressed in a number a recent works [1, 19, 28–30]. A complete
classification of Lorentz-invariant EFTs for a single NG boson from the point of view of
1There are some notable exceptions where Adler’s zero is absent though [16–18].
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scaling of scattering amplitudes was accomplished in ref. [1]. One of our goals in this paper
is to provide a complementary viewpoint of the problem, reproducing some results obtained
therein, and extending them to theories with multiple NG bosons.
The existence of an enhanced soft limit of scattering amplitudes relies crucially on the
presence of symmetry in the system that does not commute with spacetime translations.
A prominent example is the Galileon symmetry, see refs. [31, 32] for a recent review. In its
simplest version with a single scalar φ, this assumes the form φ(x)→ φ(x)+a+bµxµ, where
a and bµ are constant parameters. However, various generalizations involving more degrees
of freedom have been devised [33–37]. Another well-known example is the Dirac-Born-
Infeld (DBI) scalar, which can be thought of as a fluctuation of a four-dimensional brane
embedded into a five-dimensional Minkowski spacetime; see ref. [38] for a discussion of a
relation between the Galileon and DBI theories. As was shown in ref. [19], the enhanced
symmetries of the Galileon and DBI theories are responsible for the corresponding enhanced
soft limits of scattering amplitudes of the NG mode with σ = 2. There is a special case of
the Galileon theory that features a doubly enhanced soft limit with σ = 3; this behavior is
now understood to stem from an additional symmetry of the special Galileon action, under
which the field φ shifts by a quadratic function of the coordinate [39–41]. The possibility
of shift symmetries with polynomials of higher orders was investigated in refs. [42–44].
Such enhanced internal symmetry not commuting with spacetime translations cannot
be realized by unitary operators on the Hilbert space of the system [45]. In other words,
it has to be spontaneously broken, which is obvious in the Galileon and DBI examples.
However, it does not give rise to additional NG degrees of freedom; spontaneously broken
symmetries with this property are referred to as redundant [46, 47]. While redundant sym-
metries certainly impose a set of nonlinear constraints on the low-energy effective action,
it is natural to ask what they imply for the actual observables of the theory, if not the
existence of a NG boson. The work of Cheung et al. [1, 19] hints at an answer to this
question: they imply softening of the scattering amplitudes in the long-wavelength limit.
This insight was much needed to push forward our understanding of spontaneous sym-
metry breaking. While in the case of uniform internal symmetries,2 we now understand
both the classification of NG bosons [49, 50] and the construction of the corresponding
EFTs [51–53], the case of nonuniform symmetries has been much less clear.
Our long-term goal is to clarify the general relationship between the presence of redun-
dant symmetries and enhanced soft limits of scattering amplitudes of NG bosons, in both
relativistic and nonrelativistic setting. In this paper, we take the first step towards this
goal by creating a catalog of theories that admit nontrivial redundant symmetries. Much
of the work has already been done by Cheung et al. [1, 19]. Namely, they classified con-
structively all Lorentz-invariant theories for a single massless particle featuring enhanced
soft limits, and noticed that a redundant symmetry is present in all cases. They then gave
a general argument for the enhanced soft limit based on certain identities for the Noether
currents of redundant symmetries [54]. We approach the problem from the opposite end,
starting from the symmetry. Our motivation is that physical massless scalars are always
2A uniform symmetry is one whose generators commute with spacetime translations [48].
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NG bosons, and that interactions of NG bosons are dictated by the symmetry-breaking
pattern. Thus, the effective Lagrangian with all its ambiguities is just a necessary evil for
us as well; at the end of the day, there has to be a direct connection between the algebra of
symmetry generators and the scaling parameter σ (see figure 1 for an outline of our basic
scheme). Our approach is therefore to classify the extensions of the physical symmetry
group by additional redundant generators, admitted by Lie-algebraic constraints. This al-
lows us to set rather stringent constraints on possible extensions of the Galileon and DBI
theories to systems with multiple NG bosons.
The plan of our paper is as follows. In section 2 we explain in some detail the technical
steps necessary to generate scattering amplitudes from a given symmetry-breaking pattern.
In the following sections, we then work out the classification of theories featuring redundant
symmetries, and thus enhanced soft limits. In section 3, we first reproduce the results of
refs. [1, 19] regarding Lorentz-invariant theories with a single massless scalar. This sheds
new light on the origin of the “hidden symmetry” of the special Galileon. In section 4, we
then generalize the construction to theories with multiple NG bosons. We summarize and
conclude in section 5. For the reader’s convenience we collect the list of physically relevant
Lie-algebraic structures together with the basic building blocks for invariant actions, found
in this paper, in appendix A. Some technical details are relegated to appendices B and C.
The basic idea to use Lie-algebraic arguments in order to classify effective theories with
enhanced soft limits already appeared in the companion paper [55]. Therein, we reported
briefly our main result concerning the structure of theories with multiple massless scalars,
whose scattering amplitudes feature a singly enhanced soft limit. In this paper, we provide
most technical details of our work, but also further extend the discussion, allowing for
doubly enhanced soft limits.
2 Methodology
As was shown in ref. [1], a redundant symmetry which shifts the NG field by a polynomial
of degree n in the coordinate leads generally to an enhanced soft limit with σ = n + 1.
Thus, a simply enhanced soft limit (σ = 2) requires a redundant symmetry linear in
spacetime coordinates. This in turn amounts to adding a new vector generator, Kµ, of
the symmetry algebra that has a nonzero commutator with the generator of spacetime
translations, Pµ. A doubly enhanced soft limit (σ = 3) would likewise require adding a
rank-two tensor generator, Kµν , and so on. Our approach is to simply classify possible
extensions of the Lie algebra of generators of the physical symmetry by such additional
redundant generators. The precise form of the redundant symmetry transformation is not
essential at this stage; indeed it is a consequence of our formalism rather than its starting
point. This offers certain advantage compared to approaches based on an exhaustive scan
of possible transformation rules, polynomial in the fields as well as the coordinates [40].
Once the Lie algebra of symmetry generators is known, we work out the details nec-
essary to generate the actual scattering amplitudes. We do so both to check explicitly the
scaling degree σ in the low-momentum limit, and to provide a catalog of theories that may
later be used by others. In all cases, we work out the symmetry transformation rules and
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Lie algebra of the 
symmetry group
Nonlinear realization of 
the broken symmetry
via coset construction
Scattering amplitudes Effective Lagrangian
Figure 1. The basic scheme of construction of the scattering amplitudes for NG bosons of spon-
taneously broken symmetry. The scattering amplitudes are fully determined by symmetry except
for a few low-energy coupling constants. The latter can in turn be traded for any physical observ-
ables, invariant under the reparametrization of the coset space, for instance the values of selected
scattering amplitudes at a fixed kinematical point.
the basic building blocks for the effective Lagrangian using a canonical parameterization
for the NG fields. In some cases, we provide explicit expressions for the Lagrangian.
The basic technical steps are outlined in figure 1. We use the standard method of non-
linear realizations of symmetry, also known as the coset construction [56–58], which has
been widely used to generate effective Lagrangians in both particle physics and cosmol-
ogy [59–65]. The coset space is generated by all symmetries that are realized nonlinearly,
which includes spacetime translations, the broken physical symmetries and the redundant
symmetries. One NG field is thereby associated with every broken physical generator and
with every redundant generator. Once a parameterization for all the fields has been chosen,
the coset construction automatically generates the symmetry transformation rules for us.
Then, an invariant action can be constructed solely in terms of a specific set of building
blocks, given by the components of the Maurer-Cartan (MC) form and their (covariant)
derivatives. For strictly invariant Lagrangians, this is a straightforward procedure using
tensor methods, whereas for Lagrangians of the Wess-Zumino (WZ) type, invariant up to
a surface term, some extra work is needed [66–70]. Note that these intermediate steps of
the construction of scattering amplitudes necessarily depend on the chosen field parame-
terization. A possible way out is to focus on reparametrization-invariant quantities that
have a well-defined geometrical meaning [71]. In the context of Galileon physics, the free-
dom to choose the parameterization was behind the discovery of dualities between different
Galileon theories [72, 73].
The above-outlined procedure contains a gap though: the redundant symmetries do
not give rise to additional physical gapless NG modes in the spectrum. It is now under-
stood that the corresponding modes are either gapped, not being protected by symmetry,
or absent from the spectrum altogether [54, 74]. Within the EFT based on the coset
construction, the fields associated with the redundant generators can be disposed of by
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Figure 2. The symmetry transformation rules are dictated by symmetry and the choice of param-
eterization of the coset space, and never contain derivatives: they are purely algebraic functions
of the coset space coordinates, that is, fields and spacetime coordinates. Transformation rules con-
taining derivatives of the fields can only appear once the redundant modes have been eliminated
using a set of inverse Higgs constraints. (The same argument was put forward recently in ref. [76].)
an operational prescription known as the inverse Higgs constraint (IHC) [75]. The IHCs
are obtained by setting some of the covariant components of the MC form to zero, which
ensures their consistency with the symmetry of the system. At this point, it is useful to
remark that the symmetry transformation rules generated by the coset construction are al-
ways algebraic functions of the fields and spacetime coordinates. The peculiar symmetry of
the special Galileon, containing derivatives of the NG field [39], is naturally recovered after
the IHC has been imposed [76], since this dictates the redundant mode to be proportional
to the gradient of the physical NG field, see figure 2 for a schematic explanation.
3 Theories with a single NG boson
As the first step, we shall look for relativistic (Poincare´-invariant) theories of a single NG
boson. The symmetry generators then necessarily include: the generator of spacetime
rotations (Jµν), the generator of spacetime translations (Pµ), and the generator of the
spontaneously broken symmetry (Q) that is responsible for the NG boson in the spectrum.
In order to fix our conventions, we write down explicitly the already known commutation
rules for these generators,
[Jµν , Jκλ] = i(gµλJνκ + gνκJµλ − gµκJνλ − gνλJµκ),
[Jµν , Pλ] = i(gνλPµ − gµλPν),
[Jµν , Q] = 0,
[Pµ, Pν ] = 0.
(3.1)
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The first, second and fourth of these just encode the Poincare´ algebra, whereas the third
expresses the fact that Q, and thus the NG boson itself, is a Lorentz scalar. We remark
that the commutator [Pµ, Q] is not fixed at this stage: it can be both zero (as for uniform
internal symmetries) and nonzero (as, for instance, for spacetime dilatations). To proceed,
we need to specify the sector of redundant generators.
3.1 Simply enhanced soft limit
Should the scattering amplitudes of the NG boson feature an enhanced soft limit with σ = 2,
we need, as explained above, an additional vector of redundant generators, Kµ. Lorentz
invariance requires that the unknown commutators of Kµ with the other generators as well
as the commutator [Pµ, Q] take the following form,
3
[Jµν ,Kλ] = i(gνλKµ − gµλKν),
[Pµ,Kν ] = i(agµνQ+ bJµν + cµνκλJ
κλ),
[Pµ, Q] = i(dPµ + eKµ), (3.2)
[Kµ,Kν ] = i(fJµν + gµνκλJ
κλ),
[Kµ, Q] = i(hPµ + iKµ).
The red-marked unknown coefficients a, b, c, d, e, f , g, h and i are constrained by Jacobi
identities imposed on the commutators. Once worked out for all possible combinations of
generators, these imply that c = g = 0 and the following additional independent conditions,
ae = 0, be = 0, b+ ad = 0, b− ai = 0, f + ah = 0, b(d+ i) + ef = 0. (3.3)
These conditions have two classes of solutions, depending on whether the coefficient a is
zero or nonzero. We will now discuss them in turn; a reader not interested in the details
is advised to move on directly to section 3.1.3, where we summarize the results before we
proceed to the construction of the basic building blocks for the effective Lagrangian.
3.1.1 Unphysical solutions
The solutions with a = 0 are “unphysical” in that the commutator [Pµ,Kν ] does not contain
an admixture of Q. This necessarily implies that the NG field for Kµ cannot be eliminated
in terms of that for Q by imposing an IHC [75]. In other words, the generator Kµ is not
redundant and does imply the existence of a massless state in the spectrum. This is not
the situation we are interested in, we will nevertheless give some details of the solution for
the sake of completeness.
The most general solution of the Jacobi identities with a = 0 reads
a = b = c = f = g = 0, d, e, h, i can be arbitrary. (3.4)
3By inserting terms proportional to κλµν , we restrict ourselves to four spacetime dimensions. However,
the coefficients c and g will turn out to be zero, hence the found solutions will apply to Minkowski spacetime
of any dimension.
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The only new nontrivial commutators of the symmetry algebra therefore are
[Pµ, Q] = i(dPµ + eKµ), [Kµ, Q] = i(hPµ + iKµ). (3.5)
These commutators define a linear mapping X 7→ [X,Q] on the space of generators X with
the basis {Pµ,Kµ}. As such, they can be further simplified by a suitable choice of basis of
this space. According to theorem 1 given in appendix B, one can always find a real basis
of the Lie algebra in which the commutation relations take the form
[Pµ, Q] = i(κPµ + λKµ), [Kµ, Q] = i(sλPµ + κKµ), (3.6)
where κ is real, λ is real non-negative and s ∈ {−1, 0,+1}. Furthermore, since we have the
freedom to rescale the generator Q by an arbitrary nonzero real factor, the final solution
for the commutation relations, modulo change of basis, is characterized by a single real
parameter and the sign s.
While this class of solutions is not relevant for our discussion of soft limits of scatter-
ing amplitudes, it may still be of interest to see what geometric structure it corresponds
to. We therefore work out the action of various symmetry transformations on spacetime
coordinates and fields. It is convenient to parameterize the coset space as
U(x, θ, ξ) ≡ eixµPµeiξµKµeiθQ, (3.7)
where θ and ξµ are the NG fields associated with the generators Q and Kµ, respectively.
Within the coset construction, the transformation properties of all the fields are defined by
left multiplication by an element of the symmetry group. This immediately tells us that
spacetime translations and transformations generated by Kµ act trivially in that they only
shift the coordinate xµ and the field ξµ, respectively, without affecting the other variables.
Finally, to determine the action of the generator Q, we have to evaluate the expression
eiαQU , where α is the symmetry parameter. A straightforward computation leads to the
following result,4
xµ → eκα[xµ cosh(√sλα) +√sξµ sinh(√sλθ)],
ξµ → eκα
[
ξµ cosh(
√
sλα) +
1√
s
xµ sinh(
√
sλθ)
]
,
θ → θ + α.
(3.8)
The transformation rules become particularly simple in the degenerate case s = 0. Note
that for s = −1, the hyperbolic functions are simply replaced with the trigonometric ones.
3.1.2 Physical solutions
Nonzero a implies by means of eq. (3.3) the following class of solutions,
b = ai, c = 0, d = −i, e = 0, f = −ah, g = 0, a, h, i can be arbitrary. (3.9)
4The transformation rule for θ should be read as θ′(x′) = θ(x) + α, where x′µ is the transformed
coordinate. The same remark of course also applies to the transformation of ξµ(x). The same interpretation
of the displayed transformation rules will be assumed implicitly throughout the rest of the paper.
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The nonzero coefficient a can now be eliminated by rescaling Kµ and redefining h. Upon
renaming the coefficients h, i for the sake of convenience as u, v, the nontrivial commutation
relations including the internal symmetry generators become
[Pµ,Kν ] = i(gµνQ+ uJµν),
[Pµ, Q] = −iuPµ,
[Kµ,Kν ] = −ivJµν ,
[Kµ, Q] = i(vPµ + uKµ).
(3.10)
The discussion can be further split into four cases depending on whether the coefficients u
and v are zero or nonzero. In all cases, the nonzero coefficient(s) can be eliminated by a
rescaling of the generators so that, at the end of the day, the commutation relations contain
no free parameters. However, it is convenient to keep the form (3.10) since it allows us to
switch between the individual cases by taking a suitable deformation of the Lie algebra.
The case of u = v = 0 corresponds to the Galileon algebra and requires no further
discussion. Next, we consider the case u = 0, v 6= 0. Here v can be disposed of by rescaling
both Kµ and Q by
√|v|, leading to the commutation relations
[Pµ,Kν ] = igµνQ, [Pµ, Q] = 0, [Kµ,Kν ] = ∓iJµν , [Kµ, Q] = ±iPµ, (3.11)
where the two options correspond to the two signs of v. This is equivalent to the five-
dimensional Poincare´ algebra with the four-dimensional momentum and angular momen-
tum operators complemented by Jµ4 ≡ Kµ, P4 ≡ Q, and with g44 = ±1. The redundant
generators correspond to Lorentz transformations between the four physical spacetime di-
mension and the fifth dimension, whereas the only physical broken generator is that of the
translation in the fifth dimension. The corresponding low-energy EFT describes the fluc-
tuations of a four-brane embedded in a five-dimensional spacetime based on the orthogonal
groups SO(3, 2) and SO(4, 1), respectively. Both cases correspond to the DBI scalar.
In the u 6= 0, v = 0 case, we can eliminate u by rescaling the Kµ and Q generators,
this time regardless of the sign of u. The resulting commutation relations read
[Pµ,Kν ] = i(gµνQ+ Jµν), [Pµ, Q] = −iPµ, [Kµ,Kν ] = 0, [Kµ, Q] = iKµ. (3.12)
These are the commutation relations of the conformal group SO(4, 2) with the dilatation
operator Q and the special conformal generator Kµ.
Finally, for u 6= 0, v 6= 0, we can eliminate both parameters by rescaling Pµ by u/√|v|,
Kµ by
√|v|, and Q by u, which results in the set of commutators
[Pµ,Kν ] = i(gµνQ+ Jµν), [Pµ, Q] = −iPµ, [Kµ,Kν ] = ∓iJµν , [Kµ, Q] = i(Kµ ± Pµ).
(3.13)
It is easy to check that upon the redefinitionKµ → K˜µ ≡ Kµ±Pµ2 , this Lie algebra becomes
identical to that of eq. (3.12). Hence we are dealing with the conformal algebra SO(4, 2)
again. Regardless of the value of v, the u 6= 0 case therefore corresponds to spontaneous
breaking of the conformal group down to the Poincare´ group. Only the dilatation generator
is physical in that it gives rise to a NG mode in the spectrum; the special conformal
generators are redundant.
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Figure 3. The “phase diagram” of allowed theories with a single physical NG boson and a vector
of redundant generators Kµ as specified by the commutation relations (3.10). The DBI+ and DBI−
symbols refer to DBI theories based on the orthogonal group SO(3, 2) and SO(4, 1), respectively.
3.1.3 Classification summary
To summarize, we have classified all possible Poincare´-invariant theories with a single phys-
ical NG mode and a vector of redundant generators. The nontrivial commutators of the
Lie algebra necessarily take the form (3.10). There are three distinct patterns that cannot
be transformed to one another by a change of basis of the Lie algebra:
• The Galileon algebra (u = v = 0).
• The five-dimensional Poincare´ algebra (u = 0, v 6= 0), leading to the DBI theory.
• The conformal algebra (u 6= 0), leading to an EFT for the dilaton.
The first two are known to lead to enhancement of the soft limit with σ = 2 [19]. The last
one, however, does not. This is consistent with the fact that the dilatation generator does
not commute with Pµ, which may spoil the soft limit [16, 18]. In the following, we will
therefore take [Pµ, Q] = 0 as an additional assumption when trying to map out possible
theories with enhanced soft limits.
Note that the three different cases are related by simple deformations, tuning the values
of the parameters u, v, as is clear from eq. (3.10). This is represented graphically by the
“phase diagram” in figure 3. We now use the formulation of eq. (3.10) to work out the
basic building blocks for effective Lagrangians that can be used for all three cases.
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3.1.4 Coset construction of effective Lagrangians
Following the straightforward algorithm of the coset construction, we first have to choose
a parameterization for the coset element. A convenient choice in this case is
U(x, θ, ξ) ≡ eixµPµeiθQeiξµKµ , (3.14)
where θ is the physical NG field, whereas ξµ is the “would-be” NG mode, excited by the
redundant generator Kµ. The MC one-form is defined as usual by
ω ≡ −iU−1dU. (3.15)
It can be decomposed into components corresponding to the individual generators of the
symmetry group,
ω =
1
2
ωµνJ Jµν + ω
µ
PPµ + ω
µ
KKµ + ωQQ. (3.16)
A straightforward, if slightly tedious, calculation gives
ωµνJ = − ueuθ
sin
√
vξ2√
vξ2
(ξνdxµ − ξµdxν) + 1
ξ2
(1− cos
√
vξ2)(ξνdξµ − ξµdξν),
ωµP = e
uθdxµ + euθ
ξµξ · dx
ξ2
(cos
√
vξ2 − 1) + vξµdθ sin
√
vξ2√
vξ2
,
ωµK =
u
v
euθ
(
2
ξµξ · dx
ξ2
− dxµ
)
(cos
√
vξ2 − 1) + uξµdθ sin
√
vξ2√
vξ2
(3.17)
+ dξµ +
(
ξµξ · dξ
ξ2
− dξµ
)(
1− sin
√
vξ2√
vξ2
)
,
ωQ = − euθξ · dxsin
√
vξ2√
vξ2
+ dθ cos
√
vξ2.
The unphysical redundant mode ξµ can be eliminated by imposing the IHC ωQ = 0, which
is equivalent to
ξµ
tan
√
vξ2√
vξ2
= e−uθ∂µθ. (3.18)
The physical meaning of the other components of the MC form is then as follows. The ωµP
represents a covariant vielbein, defined through ωαPPα ≡ eαµdxµPα, and is, among others,
needed to construct an invariant volume measure for spacetime integrals. The ωµνJ is a
spin connection, used to define covariant derivatives of fields with nonzero spin. Finally,
ωµK contains the covariant derivative of the ξ
µ field, which is the basic building block for
construction of invariant Lagrangians.
Upon using the IHC (3.18), the covariant vielbein acquires the form5
eαµ = e
uθ
(
Pα⊥µ +
1
cos
√
vξ2
Pα‖µ
)
, (3.19)
5Note that we sometimes use the IHC (3.18) to express θ in terms of ξµ rather than vice versa: it leads to
more compact expressions. At the end of the day, the unphysical field ξµ is to be solved for using eq. (3.18).
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where P⊥ and P‖ are projectors to directions perpendicular and parallel to ξµ, defined as
Pµ⊥ν ≡ δµν −
ξµξν
ξ2
, Pµ‖ν ≡
ξµξν
ξ2
. (3.20)
The induced metric on the coset space then becomes6
Gµν ≡ gαβeαµaβν = e2uθgµν + v∂µθ∂νθ. (3.21)
This makes the interpretation of θ as the dilaton in the case u 6= 0 obvious. The covariant
derivative of the ξµ field, defined through ωαK ≡ eανdxµ∇µξν , is obtained likewise as
∇µξν = u
v
(1− cos
√
vξ2)δνµ +
(
Pν⊥α
sin
√
vξ2√
vξ2
+Pν‖α cos
√
vξ2
)
e−uθ∂µξα. (3.22)
Invariant actions can now be obtained using the volume measure d4x
√−G, multiplied by a
Lagrangian constructed solely out of ∇µξν and its covariant derivatives. The zeroth-order
action thus takes the form
S0 =
∫
d4x
√−G =
∫
d4x e4uθ
√
1 + ve−2uθ∂µθ∂µθ, (3.23)
and the corresponding flat-space Lagrangian in the three cases of interest reads
L0 = 1 Galileon (u = v = 0),
=
√
1 + v∂µθ∂µθ DBI (u = 0, v 6= 0),
= e4uθ conformal (u 6= 0, v = 0).
(3.24)
For illustration, we also display the next contribution to the action, which reads
S1 =
∫
d4x
√−G∇µξµ
=
∫
d4x e4uθ
{
4u
v
(√
1 + ve−2uθ∂µθ∂µθ − 1
)
+
√
ve−2uθ
[
∂µ∂
µθ − u(∂µθ)2 − ve−2uθ ∂
µθ∂νθ(∂µ∂νθ − u∂µθ∂νθ)
1 + ve−2uθ∂µθ∂µθ
]}
.
(3.25)
The corresponding flat-space Lagrangians then become
L1 = 0 Galileon (u = v = 0),
=
√
v
(
∂µ∂
µθ − v∂
µθ∂νθ∂µ∂νθ
1 + v∂µθ∂µθ
)
DBI (u = 0, v 6= 0),
= 2ue2uθ∂µθ∂
µθ conformal (u 6= 0, v = 0).
(3.26)
The above-found Lagrangians for the DBI and conformal cases agree with those found in
ref. [69], whereas the “Galileon” Lagrangians are trivial: the actual action of the Galileon
6We use the capitalized symbol Gµν to distinguish the metric on the coset space, pulled back to the
Minkowski spacetime, from the physical, flat-space Minkowski metric gµν .
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theories is determined using the WZ construction upon setting u = v = 0 [69]. It is,
however, also possible to obtain the Galileon Lagrangians by setting u = 0, expanding the
action in powers of v, and then picking the coefficient in front of v1 [38, 55].
At this point, it is useful to remark that in line with the general philosophy of EFT [77],
we consider a given theory to be fully determined by the corresponding symmetry structure.
Its Lagrangian therefore as a rule contains an infinite tower of operators, whose couplings
are to be determined by experiment or by matching to an underlying microscopic theory.
This convention is somewhat different from the literature where, for instance, the term
“Galileon” refers to a Lagrangian with merely a finite number of operators, namely only
those with a number of derivatives per field smaller than σ = 2. In our terminology, even an
operator such as, say, (θ)4(∂µ∂νθ)2, belongs to the Galileon action, being allowed by its
symmetry. It is, of course, only the operators with a sufficiently low number of derivatives
that provide a nontrivial realization of the enhanced soft limits. Our Lie-algebraic approach
suggests a straightforward way to classify such exceptional EFTs in the sense of ref. [1].
The same remark applies to all the other EFTs constructed in the rest of this paper.
To conclude our discussion, we finally work out the transformation properties of all the
coset fields under the symmetry group, which sheds more light on the nature of the three
systems of interest here. First, spacetime translations only affect the coordinate xµ and
merely shift it in the expected manner. To work out the field transformations under the
internal symmetry generated by Q, we have to evaluate eiαQU , where α is the parameter
of the transformation. It is straightforward to show that ξµ remains intact whereas
xµ → xµe−uα, θ → θ + α. (3.27)
The rescaling of the coordinate agrees with the fact that for u 6= 0, the symmetry algebra
coincides with the conformal algebra and Q plays the role of the dilatation operator.
The transformation generated by the operator Kµ is likewise obtained by multiplying
U by the matrix eiβ
µKµ from the left. After some algebra, we find
xµ → xµ + uβ · xxµ − 1
2
ux2βµ − v
u
e−uθβµ sinhuθ +O(β2),
θ → θ + β · x+O(β2),
ξµ → ξµ + e−uθβµ + uξ · xβµ − uξ · βxµ +O(β2, ξ2).
(3.28)
Note that while the first two rules are exact expressions valid to first order in a power
expansion in βµ, the last line requires a Taylor expansion in the redundant field ξµ as well.
More complete expressions can be obtained in the special case u = 0 which is of most
interest as in this case, the scattering amplitudes actually feature soft limits. Here we find
after a straightforward albeit somewhat tedious computation that
xµ → xµ − sin
√
vβ2√
vβ2
vθβµ + (cos
√
vβ2 − 1)β
µβν
β2
xν ,
θ → θ cos
√
vβ2 + β · xsin
√
vβ2√
vβ2
,
ξµ → ξµ +
(
Pµ⊥ν
√
vξ2
tan
√
vξ2
+Pµ‖ν
)
βν +O(β2).
(3.29)
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3.2 Doubly enhanced soft limit
Now that we have mapped out all Lorentz-invariant theories with a single physical NG bo-
son that could feature enhanced soft limits, we address the question which of them might
possess even softer amplitudes with σ = 3. In accord with the general argument of ref. [1],
this requires adding another set of redundant operators, generating symmetry transforma-
tions quadratic in the coordinates. This means adding a rank-two tensor generator, which
allows for different options, corresponding in three spatial dimensions to spin zero, one and
two, respectively.
3.2.1 Spin-zero multiplet of redundant generators
We start our discussion with the simplest case of spin zero. In other words, we assume that
the algebra of the generators Jµν , Pµ, Q and Kµ, discussed in section 3.1, is complemented
by another scalar generator, denoted as X. Lorentz invariance fixes, in addition to eq. (3.1),
the following commutators,
[Jµν ,Kλ] = i(gνλKµ − gµλKν),
[Jµν , X] = 0.
(3.30)
The remaining commutators of the Lie algebra can be parameterized by a set of numerical
coefficients, similarly to eq. (3.2). Keeping the notation for the a, . . . , i terms, introduced
therein, we write down the most general Lie-algebraic structure admitted by Lorentz in-
variance as
[Pµ,Kν ] = i(agµνQ+ bJµν + cµνκλJ
κλ + jgµνX),
[Pµ, Q] = i(dPµ + eKµ),
[Kµ,Kν ] = i(fJµν + gµνκλJ
κλ),
[Kµ, Q] = i(hPµ + iKµ), (3.31)
[Pµ, X] = i(kPµ + `Kµ),
[Kµ, X] = i(mPµ + nKµ),
[Q,X] = i(oQ+ pX).
The full set of constraints following from the Jacobi identities would be too long to even
write down here. We therefore focus on the special case of a 6= 0 and ` 6= 0; these conditions
are required to make the generators Kµ and X redundant, and thus to be able to eliminate
the corresponding “would-be” NG fields. With these assumptions, one can readily solve
for the unknown parameters a, . . . , p, getting
b = 0, c = 0, d =
ek
`
, f = 0, g = 0, h =
em
`
, i =
en
`
,
j = −ae
`
, o = k + n, p = −e
`
(k + n),
(3.32)
the remaining parameters a, e, k, `,m, n being free. The resulting commutation relations
look somewhat involved, but they simplify dramatically upon the subsequent redefinition
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Q→ Q˜ ≡ Q− e`X. This brings the Lie algebra to the form (dropping the tilde)
[Pµ,Kν ] = iagµνQ,
[Pµ, X] = i(kPµ + `Kµ),
[Kµ, X] = i(mPµ + nKµ),
[Q,X] = i(k + n)Q,
(3.33)
with [Pµ, Q] = [Kµ, Q] = [Kµ,Kν ] = 0. Thus, out of all the Lie algebraic structures with
a singly enhanced soft limit, presented in section 3.1.2, only the Galileon algebra admits
extension by adding the scalar X.
The commutations relations can be further simplified by utilizing theorem 1 displayed
in appendix B. Upon absorbing the nonzero parameter a in the redefinition of Q, and the
parameter λ, introduced in appendix B and required to be nonzero for X to be redundant,
into the redefinition of X, the nontrivial commutators of the Lie algebra take the final form
[Pµ,Kν ] = igµνQ,
[Pµ, X] = i(κPµ +Kµ),
[Kµ, X] = i(sPµ + κKµ),
[Q,X] = 2iκQ,
(3.34)
where κ is a real parameter that can be both zero and nonzero, and s ∈ {−1, 0,+1}. We
expect that in analogy with the conformal algebra case, the parameter κ should vanish for
the scattering amplitudes to feature Adler’s zero.
We start the analysis of the found Lie algebra by working out the transformations rules
for the fields. The coset element will be defined as
U(x, θ, ξ, φ) ≡ eixµPµeiθQeiξµKµeiφX . (3.35)
The spacetime translation acts trivially in that it merely shifts the coordinate xµ and does
not affect the NG fields θ, ξµ, φ. Likewise, the transformation generated by Q acts trivially
in that it only shifts the θ field. The transformation generated by Kµ, eiβ
µKµ , acts just
like the linear shift of the Galileon symmetry,
θ → θ + β · x, ξµ → ξµ + βµ. (3.36)
To work out the transformation generated by X, we multiply U by eiωX . A straightforward
calculation then leads to
xµ → eκω[xµ cosh(√sω) +√sξµ sinh(√sω)],
θ → e2κω
[
θ +
1
2
(
x2√
s
+ ξ2
√
s
)
sinh(
√
sω) cosh(
√
sω) + ξ · x sinh2(√sω)
]
,
ξµ → eκω
[
ξµ cosh(
√
sω) +
1√
s
xµ sinh(
√
sω)
]
,
φ→ φ+ ω.
(3.37)
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Of particular interest is the case s = 0, making the transformation rules extremely simple,
xµ → eκωxµ, θ → e2κω
(
θ +
1
2
ωx2
)
, ξµ → eκω(ξµ +ωxµ), φ→ φ+ω. (3.38)
This case corresponds to a trivial extension of the linear Galileon shift of the NG field θ
by a shift quadratic in the coordinate, possibly twisted by an overall dilatation.
The effective action can be constructed using the MC one-form, ω ≡ −iU−1dU , which
can in this case be decomposed as
ω = ωµPPµ + ω
µ
KKµ + ωQQ+ ωXX. (3.39)
A straightforward manipulation gives the result,
ωµP = e
−κφ[dxµ cosh(√sφ)−√s dξµ sinh(√sφ)],
ωµK = e
−κφ
[
dξµ cosh(
√
sφ)− 1√
s
dxµ sinh(
√
sφ)
]
,
ωQ = e
−2κφ(dθ − ξ · dx),
ωX = dφ.
(3.40)
Let us see if this MC form can be used to construct theories where enhanced soft limits of
scattering amplitudes are realized nontrivially. The auxiliary field ξµ can be eliminated by
setting ωQ = 0, which leads to ξµ = ∂µθ. Likewise, the auxiliary field φ has to be eliminated
by choosing a suitable IHC. Since ωµP serves as a vielbein, the only choice compatible with
Lorentz invariance is to project out the singlet component of the covariant derivative of ξµ,
stemming from ωµK , that is, ∇µξµ. This will make φ a function of the gradient of ξµ. In
short, upon imposing the IHCs, ξµ carries one derivative acting on θ, while φ carries two
derivatives acting on θ.
The effective action is now to be constructed out of the remaining components of the
MC form: the vielbein eαµ stemming from ω
µ
P , the traceless part of ∇µξν and ωX = ∂µφ dxµ.
The eαµ and ∇µξν only depend on the gradient of ξµ and on φ, and hence carry two
derivatives per every factor of θ. ωX is a derivative of φ, which itself is a function of the
gradient of ξµ. To conclude, every invariant Lagrangian constructed out of the MC form
carries at least two derivatives per every factor of θ. The symmetry constraints therefore
do not allow us to even construct a standard kinetic term θ. This means that there are
no theories of an interacting massless scalar which would realize the assumed Poincare´
symmetry, extended by the redundant vector Kµ and Lorentz singlet X.
In the above argument, we have only taken into account the strictly invariant terms
in the effective Lagrangian, constructed directly out of local products of the MC form and
its covariant derivatives. Another possibility to get an invariant effective action is through
the WZ construction which, after all, is how the Galileon action is obtained in the singly
enhanced case [69]. This is done in appendix C. We find, however, no nontrivial terms that
can contribute to the action for a physical massless scalar.
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3.2.2 Spin-one multiplet of redundant generators
Next, we want to see if it is possible to extend the algebra of generators Jµν , Pµ, Q and Kµ
by an additional antisymmetric tensor Aµν . Lorentz invariance implies that, in addition to
eq. (3.1), the following commutators are fixed,
[Jµν ,Kλ] = i(gνλKµ − gµλKν),
[Jµν , Aκλ] = i(gµλAνκ + gνκAµλ − gµκAνλ − gνλAµκ).
(3.41)
The remaining commutators of the symmetry Lie algebra can be parameterized by a priori
unknown coefficients a, . . . , y as
[Pµ,Kν ] = i(agµνQ+ bJµν + cµνκλJ
κλ + jAµν + rµνκλA
κλ),
[Pµ, Q] = i(dPµ + eKµ),
[Kµ,Kν ] = i(fJµν + gµνκλJ
κλ + sAµν + tµνκλA
κλ),
[Kµ, Q] = i(hPµ + iKµ),
[Aµν , Aκλ] = i
[
k(gµλJνκ + gνκJµλ − gµκJνλ − gνλJµκ)
+ `(gµλνκαβ + gνκµλαβ − gµκνλαβ − gνλµκαβ)Jαβ (3.42)
+ u(gµλAνκ + gνκAµλ − gµκAνλ − gνλAµκ)
+ v(gµλνκαβ + gνκµλαβ − gµκνλαβ − gνλµκαβ)Aαβ
]
,
[Aµν , Pλ] = i
[
m(gµλPν − gνλPµ) + n(gµλKν − gνλKµ)
]
,
[Aµν ,Kλ] = i
[
o(gµλPν − gνλPµ) + p(gµλKν − gνλKµ)
]
,
[Aµν , Q] = i(qAµν + wµνκλA
κλ + xJµν + yµνκλJ
κλ).
We assume right away that a 6= 0 in order that the vector Kµ is redundant. An explicit
solution of the constraints following from the Jacobi identities then shows that n = o = 0
and m = p. This implies that the new tensor Aµν cannot be redundant, independently of
the choice of basis in the subspace of generators spanned on Pµ and Kµ. We conclude that
this scenario is not viable: there is no extension of the Poincare´ algebra augmented with
the scalar Q by an additional antisymmetric tensor Aµν , in which it would be redundant.
3.2.3 Spin-two multiplet of redundant generators
Finally, we focus on the spin-two case. We will thus assume that apart from the Poincare´
group generators, the symmetry algebra of the system contains the physical broken gener-
ator Q, a redundant vector Kµ, and a redundant traceless symmetric tensor Sµν . Lorentz
invariance dictates, in addition to eq. (3.1), the following commutation relations,
[Jµν ,Kλ] = i(gνλKµ − gµλKν),
[Jµν , Sκλ] = i(−gµλSνκ + gνκSµλ − gµκSνλ + gνλSµκ).
(3.43)
The remaining commutation relations of the symmetry algebra can be parameterized by a
set of numerical coefficients, similarly to eq. (3.2). Lorentz invariance and the tracelessness
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of Sµν dictates the following structure in four spacetime dimensions,
[Pµ,Kν ] = i(agµνQ+ bJµν + cµνκλJ
κλ + jSµν),
[Pµ, Q] = i(dPµ + eKµ),
[Kµ,Kν ] = i(fJµν + gµνκλJ
κλ),
[Kµ, Q] = i(hPµ + iKµ),
[Sµν , Sκλ] = i[k(gµλJνκ + gνκJµλ + gµκJνλ + gνλJµκ)
+ `(gµλνκαβ + gνκµλαβ + gµκνλαβ + gνλµκαβ)J
αβ],
[Sµν , Pλ] = i
[
m(gµλPν + gνλPµ − 12gµνPλ) + n(gµλKν + gνλKµ − 12gµνKλ)
]
,
[Sµν ,Kλ] = i
[
o(gµλPν + gνλPµ − 12gµνPλ) + p(gµλKν + gνλKµ − 12gµνKλ)
]
,
[Sµν , Q] = iqSµν ,
(3.44)
where we used the same notation for the a, . . . , i terms as in eq. (3.2) and labeled as j, . . . , q
the new terms in the commutators. Again, the full set of constraints following from the
Jacobi identities would be too long to write down explicitly. We therefore restrict ourselves
from the outset to the special case of a 6= 0. With this assumption, the solution for the
parameters of the Lie algebra can be given as
b = jm, c = 0, d = −5jm
2a
, e = 0, f = jo, g = 0, h = −5jo
2a
,
i =
5jm
2a
, k = m2 + no, ` = 0, p = −m, q = 0,
(3.45)
where a is arbitrary nonzero, m and o are arbitrary, and j and n must satisfy the constraint
jn = 0. The commutation relations (3.44) thereby reduce to
[Pµ,Kν ] = i(agµνQ+ jmJµν + jSµν),
[Pµ, Q] = − i5jm
2a
Pµ,
[Kµ,Kν ] = ijoJµν ,
[Kµ, Q] = i
5j
2a
(−oPµ +mKµ), (3.46)
[Sµν , Sκλ] = i(m
2 + no)(gµλJνκ + gνκJµλ + gµκJνλ + gνλJµκ),
[Sµν , Pλ] = i
[
m(gµλPν + gνλPµ − 12gµνPλ) + n(gµλKν + gνλKµ − 12gµνKλ)
]
,
[Sµν ,Kλ] = i
[
o(gµλPν + gνλPµ − 12gµνPλ)−m(gµλKν + gνλKµ − 12gµνKλ)
]
,
[Sµν , Q] = 0.
We will now argue that physically interesting solutions can only exist if j = 0. Let us
assume otherwise for the sake of contradiction, which implies n = 0. The very existence of
Adler’s zero, which translates to the condition [Pµ, Q] = 0, then in addition requires m = 0.
But then the generator Sµν is not redundant since [Sµν , Pλ] = 0, and the corresponding
massless tensor NG mode remains in the spectrum, which is not the situation we are
interested in.7 Once we know that j = 0, the only nontrivial commutators that contain
7Note that this conclusion is independent of the choice of basis in the {Pµ,Kµ} subspace of generators.
Namely, a redefinition {Pµ,Kµ} → {P˜µ, K˜µ} that would allow the commutator [Sµν , P˜λ] to contain an
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the redundant generators are
[Pµ,Kν ] = iagµνQ,
[Sµν , Sκλ] = i(m
2 + no)(gµλJνκ + gνκJµλ + gµκJνλ + gνλJµκ),
[Sµν , Pλ] = i
[
m(gµλPν + gνλPµ − 12gµνPλ) + n(gµλKν + gνλKµ − 12gµνKλ)
]
,
[Sµν ,Kλ] = i
[
o(gµλPν + gνλPµ − 12gµνPλ)−m(gµλKν + gνλKµ − 12gµνKλ)
]
,
(3.47)
where a,m, n, o can take arbitrary values except that a and n are nonzero. We conclude
that out of all the Lie-algebraic structures with a singly enhanced soft limit, discussed in
section 3.1.2, only the Galileon algebra admits extension by adding the tensor Sµν .
Now that [Kµ,Kν ] = 0, we can further simplify the coefficients of the Lie algebra by
changing basis in the space spanned on {Pµ,Kµ}. Using theorem 1 from appendix B, the
commutation relations can by a suitable choice of basis be simplified to
[Pµ,Kν ] = igµνQ,
[Sµν , Sκλ] = is(gµλJνκ + gνκJµλ + gµκJνλ + gνλJµκ),
[Sµν , Pλ] = i(gµλKν + gνλKµ − 12gµνKλ),
[Sµν ,Kλ] = is(gµλPν + gνλPµ − 12gµνPλ),
(3.48)
where s ∈ {−1, 0,+1}. (The parameter λ of theorem 1 can be eliminated by rescaling Sµν .)
Next, we introduce a parameterization for the coset element,
U(x, θ, ξ, β) ≡ eixµPµeiθQeiξµKµe i2βµνSµν , (3.49)
where βµν is a traceless symmetric tensor of auxiliary fields, corresponding to the gen-
erator Sµν . The transformation properties of all the fields are as usual defined by left
multiplication of U by an element of the symmetry group. Spacetime translations and the
transformations generated byQ andKµ act in the same way as in the spin-zero case, worked
out in section 3.2.1. The transformation generated by Sµν is obtained by multiplying U
by e
i
2
ωµνSµν . A straightforward calculation then leads to
xµ → xν cosh(
√
sω)µν −√sξν sinh(
√
sω)µν ,
θ → θ − 1
2
(
xµxν√
s
+ ξµξν
√
s
)[
sinh(
√
sω) cosh(
√
sω)
]µν
+ ξµxν
[
sinh2(
√
sω)
]µν
,
ξµ → ξν cosh(
√
sω)µν − 1√
s
xν sinh(
√
sω)µν ,
βµν → βµν + ωµν +O(ω2, β2).
(3.50)
Invariant actions are constructed with the MC form, whose components are defined by
ω =
1
2
ωµνJ Jµν + ω
µ
PPµ +
1
2
ωµνS Sµν + ω
µ
KKµ + ωQQ. (3.51)
With the shorthand notation
Bαβµν ≡ βαµδβν − ββν δαµ , (3.52)
admixture of K˜µ requires nonzero o, yet such a redefinition would also lead to nonzero [P˜µ, P˜ν ], which would
be in contradiction with the interpretation of P˜µ as the generator of spacetime translations.
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these components take the form
ωµνJ = dβ
αβ
{
B−1[cosh(
√
sB)− 1]}µν
αβ
,
ωµP = dxν cosh(
√
sβ)µν +
√
s dξν sinh(
√
sβ)µν ,
ωµνS = dβ
αβ
[
B−1 sinh(
√
sB)
]µν
αβ√
s
,
ωµK = dxν
sinh(
√
sβ)µν√
s
+ dξν cosh(
√
sβ)µν ,
ωQ = dθ − ξ · dx.
(3.53)
The auxiliary field ξµ is eliminated by setting ωQ = 0, which corresponds to ξµ = ∂µθ.
Note that eq. (3.50) then implies the following transformation rule for the physical field θ,
θ → θ − 1
2
ωµν(xµxν + s∂µθ∂νθ) +O(ω2). (3.54)
This naturally recovers the “hidden symmetry” of the special Galileon, first reported in
ref. [39]. The corresponding Lie algebra found therein matches our eq. (3.48). The special
case of s = 0 then corresponds to a mere shift of the NG field θ, quadratic in the spacetime
coordinates [42].
The construction of WZ terms in this spin-two case is again reviewed in appendix C.
It turns out that there is a single WZ term that can contribute to the action of a physical
massless scalar regardless of the value of s. For s = ±1, this reproduces the special Galileon,
whereas for s = 0, it is just the kinetic term, (∂µθ)
2; it is easy to see that this changes by
a surface term upon a traceless quadratic shift of the field, defined by eq. (3.54).
What other, strictly invariant operators can be constructed out of the MC form? In
order to eliminate the auxiliary field βµν , we need a symmetric traceless rank-two tensor
of IHCs, which is naturally chosen as the symmetric traceless part of ∇µξν . What is left of
the MC form after all IHCs have been applied is the singlet covariant derivative ∇µξµ, the
antisymmetric part of ∇µξν , and the covariant derivative of βµν , represented by ωµνS . By
the same argument as in the spin-zero case, these contain two or more derivatives per every
factor of θ. This says that for s = ±1, the special Galileon gives a leading contribution
to the action. However, invariant Lagrangians constructed from the above-listed building
blocks may still give interactions that realize nontrivially doubly enhanced soft limits of
scattering amplitudes.
The s = 0 case is somewhat different in that the WZ term is a pure noninteracting
kinetic term, and thus all interactions, if present, must come from the invariant part of the
Lagrangian. Setting s = 0, eq. (3.53) becomes
ωµνJ = 0, ω
µ
P = dx
µ, ωµνS = dβ
µν , ωµK = dxνβ
µν + dξµ, ωQ = dθ − ξ · dx. (3.55)
Imposing the IHCs leads to
ξµ = ∂µθ, βµν = −1
2
(
∂µξν + ∂µξµ − 1
2
gµν∂αξ
α
)
= −∂µ∂νθ + 1
4
gµνθ. (3.56)
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The remaining nonzero components of the MC form then correspond to
∇µξµ = θ, ∇λβµν = −∂µ∂ν∂λθ + 1
4
gµν∂λθ; (3.57)
the antisymmetric part of ∇µξν = ∂µ∂νθ + βµν vanishes identically. These ingredients do
not lead to any interesting theory though. The operator ∇λβµν contains three derivatives
and thus gives a trivial doubly enhanced soft limit when acting on an asymptotic state
of a scattering process. The operator ∇µξµ, on the other hand, cannot even act on any
asymptotic massless state, as it would give a strict zero on the mass shell. In fact, theories
with Lagrangian of the type
L =
1
2
(∂µθ)
2 + f(θ), (3.58)
where f is an arbitrary analytic function of its variable, are easily seen to be equivalent to
the theory of a free massless scalar upon a suitable field redefinition.
4 Theories with multiple NG bosons
In the previous section, we analyzed in detail theories with a single NG boson type (flavor),
just to confirm the results of previous works that there are no nontrivial systems featuring
enhanced soft limits beyond the Galileon and DBI theories. However, we used these exam-
ples to work out a systematic method to classify candidate theories, which we would now
like to generalize to cases with more than one physical NG boson. It is of course trivially
possible to, for instance, simply add two copies of the Galileon to get a theory with two
NG bosons and enhanced soft limits. What we would like to see, however, is whether, and
to what extent, enhanced soft limits can be found in systems where a non-Abelian internal
symmetry is spontaneously broken.
We therefore introduce a set of internal symmetry generators Qi, and correspondingly
a set of redundant vector generators KµA. The most general set of commutation relations for
these generators and the Poincare´ generators Jµν and Pµ, allowed by Lorentz invariance,
reads in analogy with eqs. (3.1) and (3.2),
[Jµν , Jκλ] = i(gµλJνκ + gνκJµλ − gµκJνλ − gνλJµκ),
[Jµν , Pλ] = i(gνλPµ − gµλPν),
[Jµν ,KλA] = i(gνλKµA − gµλKνA),
[Jµν , Qi] = 0,
[Pµ, Pν ] = 0,
[Pµ,KνA] = i(a
i
AgµνQi + bAJµν + cAµνκλJ
κλ),
[Pµ, Qi] = i(diPµ + e
A
i KµA),
[KµA,KνB] = i(fABJµν + gABµνκλJ
κλ + ΞiABgµνQi),
[KµA, Qi] = i(hAiPµ + i
B
AiKµB),
[Qi, Qj ] = iΛ
k
ijQk.
(4.1)
In order to facilitate a comparison with the case of a single NG flavor, we again kept the
notation for the a, . . . , i terms in the commutators, and denoted as Ξ,Λ the new, genuinely
– 21 –
multi-flavor contributions.8 The coefficients fAB and gAB are symmetric in their indices,
while ΞiAB is antisymmetric under A↔ B and Λkij is antisymmetric under i↔ j.
It is straightforward to work out the constraints on the Lie algebra imposed by the
Jacobi identities. However, we will not attempt to find a general solution. Instead, we will
focus on the case where the Qis generate a uniform symmetry and we can thus expect a
soft limit featuring Adler’s zero [16, 18]. In other words, we set
di → 0, eAi → 0. (4.2)
The set of Jacobi identities then reduces to
bA = 0, cA = 0, fAB = −aiAhBi, gAB = 0, (4.3)
accompanied by the independent constraints
aiAi
C
Bi = 0, (4.4)
akBi
B
Ai + a
j
AΛ
k
ij = 0, (4.5)
akAhBi − akBhAi + iCAiΞkBC − iCBiΞkAC = ΛkijΞjAB, (4.6)
iBAihBj − iBAjhBi = ΛkijhAk, (4.7)
iCAii
B
Cj − iCAjiBCi = ΛkijiBAk, (4.8)
ΛmijΛ
n
mk + Λ
m
jkΛ
n
mi + Λ
m
kiΛ
n
mj = 0, (4.9)
hAiΞ
i
BC = 0, (4.10)
fACδ
D
B − fBCδDA = ΞiABiDCi. (4.11)
Some of these have an obvious group-theoretic interpretation. For instance, eq. (4.9) is the
usual Jacobi identity for the set of internal generators Qi. Likewise, eq. (4.8) says that
the matrices (ti)
A
B ≡ −iiABi furnish a representation of the Lie algebra of Qi. Moreover,
according to eq. (4.4), the linear combinations aiAti vanish in this representation. In fact,
there is a simple geometric interpretation of all the above constraints, which allows one to
construct symmetry algebras with redundant generators in terms of certain vector space
endowed with an invariant metric, and an affine representation of the internal symmetry
generators Qi on this space. This geometric picture is elaborated in Ref. [55]; here we focus
on working out explicitly a class of theories ready-made for applications in cosmology and
high-energy physics.
4.1 Single redundant generator
To warm up, we first consider the case where there is a single redundant vector Kµ but
multiple broken generators. Physically, we expect this to correspond to a theory with sev-
eral NG bosons, out of which only one has enhanced soft limits of its scattering amplitudes.
We can now abandon the index A and the Jacobi constraints simplify drastically,
aiii = 0, a
kii + a
jΛkij = 0, iihj − ijhi = Λkijhk, Λkijik = 0, (4.12)
8For the same reason, we are unfortunately unable to maintain the same notation as in ref. [55]. The
final results as reviewed in appendix A are, however, free from this ambiguity.
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along with the Jacobi identity for Λkij (4.9) and the explicit solution f = −aihi. Note
that the first condition is not independent as long as some ai is nonzero, which we anyway
assume since otherwise Kµ would not be a redundant generator: by contracting the second
condition with ai, we get akaiii = 0 for any k, from which the first follows.
Let us introduce the compact notation Q˜ ≡ aiQi and v ≡ aihi. Then the nontrivial
commutators in eq. (4.1), including the redundant generators, can be split into two classes,
[Pµ,Kν ] = igµνQ˜,
[Kµ,Kν ] = −ivJµν ,
[Kµ, Q˜] = ivPµ,
[Kµ, Qi] = i(hiPµ + iiKµ),
[Qi, Qj ] = iΛ
k
ijQk.
(4.13)
The commutators in the first class are identical to the special case u = 0 of eq. (3.10),
whereas the commutators in the second class take into account the possibly non-Abelian
nature of the internal symmetry. We can therefore think of the present Lie algebra as a
generalization of either the DBI or the Galileon system to several internal symmetry gen-
erators, and it is natural to split our following discussion accordingly in the two scenarios.
4.1.1 DBI-like systems
Let us therefore first assume that v 6= 0. It then follows at once that ii = 0 by multiplying
the second condition in eq. (4.12) by hk and using the other conditions therein.
9 The set
of constraints (4.12) then boils down to
ajΛkij = 0, hkΛ
k
ij = 0. (4.14)
Let us take Q˜ as one of the generators and redefine the other generators as Q˜i ≡ Qi− hiv Q˜.
Then, the above constraints on ai and hi together with all the commutation relations can
be encoded in the following set of conditions,
[Pµ,Kν ] = igµνQ˜, [Kµ, Q˜i] = 0,
[Kµ,Kν ] = −ivJµν , [Q˜, Q˜i] = 0,
[Kµ, Q˜] = ivPµ, [Q˜i, Q˜j ] = iΛ
k
ijQ˜k.
(4.15)
The resulting generalization of the DBI theory is to a large extent trivial: this symmetry
algebra is a direct sum of the DBI algebra, discussed in section 3.1.2, and the algebra of the
non-Abelian generators Q˜i. The construction of basic building blocks of invariant actions
for the DBI part can be copy-pasted from section 3.1.4. We will therefore only briefly review
the coset construction for the internal algebra of the Q˜is, following the classic paper [56].
The coset element is parameterized as
U˜(θ˜) ≡ eiθ˜aQ˜a . (4.16)
9The same conclusion can be reached even without assuming v 6= 0 for compact semisimple Lie algebras.
Namely, in such cases there is a positive-definite invariant metric that can be used to raise and lower adjoint
indices. Moreover, the rank-three tensor Λijk is fully antisymmetric [53]. Contracting the second condition
in eq. (4.12) with ak and using this antisymmetry then leads to aka
kii = 0, which by the positivity of the
metric implies that ii = 0 as long as some a
i is nonzero.
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We use the index notation of ref. [53] in which Q˜i,j,... stands for a generic generator of the
internal symmetry group, Q˜α,β,... for an unbroken one, and Q˜a,b,... for a broken one. The
MC form for such broken internal symmetry will be denoted as
Ω ≡ −ie−iθ˜·Q˜deiθ˜·Q˜. (4.17)
The transformation rules for the NG fields θ˜a are defined by left multiplication of the coset
element U˜(θ˜) by a group element g,
gU˜(θ˜) = U˜(θ˜′)h(g, θ˜), (4.18)
where h belongs to the unbroken subgroup and in general depends on both g and the NG
fields θ˜a. We can parameterize it exponentially as h = eik
αQ˜α . While there is no closed
expression for kα(g, θ˜), it can be calculated order by order in the NG fields θ˜a, at least for
g infinitesimally close to unity. Under the transformation (4.18), the MC form (4.17) then
changes as
Ω→ hΩh−1 − ihdh−1. (4.19)
Since h belongs to the unbroken subgroup, the unbroken component of Ω, ΩαQ˜α transforms
as a gauge field of the unbroken subgroup and can be used to construct covariant deriva-
tives of operators transforming in any linear representation of this subgroup. The broken
component ΩaQ˜a, on the other hand, transforms covariantly under the adjoint action of
the unbroken subgroup. It defines the covariant derivatives ∇µθ˜a of the NG fields θ˜a, and
constitutes the basic building block of invariant actions.
4.1.2 Galileon-like systems
The generalization of the Galileon theory, based on the Lie algebra (4.13), is characterized
by v = 0. In this case, we cannot provide an explicit general solution to the conditions (4.12)
as in the generalized DBI case. Yet, the commutation relations (4.13) simplify dramati-
cally. We can then evaluate the MC form explicitly with the single additional technical
assumption that the generators Qi can, just like in the DBI-like case, be split into Q˜ ≡ aiQi
and Q˜i such that the latter form a closed Lie algebra, [Q˜i, Q˜j ] = iΛ
k
ijQ˜k. Denoting the NG
fields associated with Q˜ and Q˜a as θ and θ˜
a, respectively, it is then convenient to use the
following parameterization of the coset space,
U(x, θ, θ˜, ξ) ≡ eixµPµeiξµKµeiθQ˜eiθ˜aQ˜a . (4.20)
A straightforward calculation then leads to an expression for the MC form
ωµP = dx
µ + haθ˜
a e
−ibθ˜b − 1
icθ˜c
dξµ,
ωµK = e
−iaθ˜adξµ,
ωQ˜ = e
−iaθ˜a(dθ − ξ · dx).
(4.21)
The MC form for the internal generators Q˜i is given by Ω, defined in eq. (4.17). The
exponential factors in the other components of the MC form arise from the commutator
[Q˜i, Q˜] = −iiiQ˜, which follows from the properties of the Lie algebra coefficients (4.12).
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As explained below eq. (4.19), the broken components of the MC form transform
covariantly under the adjoint action of the unbroken subgroup. The presence of Pµ in
the commutator [Kµ, Q˜i] then implies that only if hα = 0, ω
µ
P is invariant under the
internal symmetry, and hence can serve as a covariant vielbein.10 We expect to eliminate
the redundant mode ξµ by imposing the IHC ωQ˜ = 0. Just like in the simplest Galileon
theory, discussed in section 3, all the remaining components of the MC form then depend
on the second derivative of θ. In order to generate a kinetic term for θ, and thus have a
well-defined perturbative dynamics, we have to resort to the WZ construction. However,
it seems that there are no nontrivial Lie-algebraic structures that would admit WZ terms
constructed from the MC form (4.21), see appendix C for more details.
We therefore have to broaden our search for interesting theories with nontrivially
realized enhanced soft limits of scattering amplitudes. We do so by extending our scope to
systems with multiple redundant generators.
4.2 Multiple redundant generators
A general solution to all the Jacobi constraints on the symmetry Lie algebra, subject only
to the assumption that [Pµ, Qi] = 0, is given in Ref. [55]. Here we will work out in detail
two particular, infinite classes of solutions, generalizing the Galileon and DBI systems,
discussed in section 3.1.2.
4.2.1 Generalized Galileon solutions
We start with the class of Lie algebras for which
hAi = 0, Ξ
i
AB = 0. (4.22)
The former assumption necessarily implies that fAB = 0, and hence ensures that the gen-
erators Qi and KµA form a closed Lie algebra and thus generate a truly internal symmetry.
The latter, technical assumption ensures that Qi and KµA separately form closed Lie alge-
bras. Introducing the set of generators QA ≡ aiAQi, all the remaining nontrivial constraints
among eqs. (4.4)–(4.11) are then encoded in the commutation relations
[Pµ,KνA] = igµνQA,
[Qi,KµA] = (ti)
B
AKµB,
[Qi, QA] = (ti)
B
AQB,
[QA, QB] = 0,
(4.23)
together with [KµA,KνB] = 0 and the condition that the matrices (ti)
B
A define a repre-
sentation of the internal symmetry subgroup generated by Qi.
The generators QA appearing in [Pµ,KνA] obviously define an Abelian ideal of the
full internal symmetry algebra generated by all the Qis. For compact internal symmetry
groups, the QAs then necessarily belong to the center of the symmetry algebra, and the
corresponding NG bosons featuring enhanced soft limits are thus associated to one or more
10There was no such restriction in the previously discussed case of DBI-like systems where [Kµ, Q˜i] = 0.
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U(1) factors of the symmetry group. Once the compactness requirement is relaxed, other
possibilities exist. An example is provided by one of the multi-flavor generalizations of the
Galileon theory, where the Qis span the Lie algebra ISO(n) [69]. The physical NG modes
correspond to the n mutually commuting translations, transforming as a vector under the
SO(n) rotations, which remain unbroken. In this case, the internal symmetry group ISO(n)
is non-semisimple, being isomorphic to the semidirect product SO(n)nRn.
Note that the general class of Lie algebras, describing multiple NG bosons with en-
hanced soft limits, defined by eq. (4.23), is pretty robust. All one has to do to specify such
a theory uniquely is to choose the Lie algebra for the generators Qi and its Abelian ideal,
generated by QA. There are no more arbitrary parameters involved in the construction;
all other commutation relations are then fixed by eq. (4.23).
Further simplification arises in the special case that, similarly to the ISO(n)-symmetric
multi-Galileon theory, the generators Qi can be split into subsets, Q˜i and QA, such that the
Q˜is themselves generate a closed Lie algebra. The Lie algebra of Qi is then a semidirect sum
of the two subalgebras, generated by Q˜i and QA.
11 It can be constructed algorithmically
as follows. Take any Lie algebra g with the generators Q˜i and its real, finite-dimensional
representation R; let n be the dimension of this representation. Treating Rn as an Abelian
Lie algebra and QA as its generators, construct the full Lie algebra of Qi as the semidirect
sum gnRn, where the action of g on Rn is defined by the representation R.
All the multi-Galileon theories, constructed so far in the literature, are of this latter
type, where the generators Q˜i define the group SO(n) or SU(n) and the generators QA its
fundamental or adjoint representation [35, 36, 78]. In these examples, all the generators
Q˜i remain unbroken so that the only NG modes in the system are the Galileon ones,
associated with the spontaneously broken shift symmetries, generated by QA. However,
that in general does not have to be the case. As we will now see, the construction of systems
based on a semidirect sum algebra gnRn can be carried out in full detail for an arbitrary
Lie algebra g and its arbitrary real finite-dimensional representation R, regardless of which
generators of g are spontaneously broken and which are not.
To work out the basic building blocks for the effective Lagrangians, we first introduce
the following parameterization of the coset space in analogy with eq. (4.16),
U(x, θ, ξ) ≡ eixµPµeiθAQAeiξµAKµAeiθaQ˜a . (4.24)
Here Q˜a are those of the generators Q˜i that are spontaneously broken. We naturally assume
that all the QAs are themselves spontaneously broken and that they are mutually linearly
independent. This ensures that all the redundant fields ξµA can be eliminated by imposing a
set of IHCs. With these assumptions, it is then straightforward to show that the nontrivial
11Examples of Lie-algebraic structures of the type (4.23) that do not satisfy this assumption can easily be
constructed though, the simplest one being the Heisenberg algebra. More generally, one can consider central
extensions of the algebra of Qi, where the central charges naturally belong among the Abelian generators
QA. We are indebted to Torsten Schoeneberg and Qiaochu Yuan for clarifying this point to us.
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components of the MC form are
ωµP = dx
µ,
ωAKµ = (e
−iθata)ABdξ
B
µ ,
ωAQ = (e
−iθata)AB(dθ
B − ξB · dx),
(4.25)
together with the MC form for the generators of g, which we denote as Ω as in eq. (4.17).
Next, we determine the transformation rules for all combinations of symmetries and
fields. The symmetry transformations generated by QA (with parameter α
A) and KAµ (with
parameter βAµ ) take a very simple form
θA → θA + αA + βA · x, ξAµ → ξAµ + βAµ . (4.26)
Thanks to the chosen parameterization (4.24) of the coset space, the NG fields θa are left
intact by these transformations. On the other hand, a symmetry transformation generated
by Q˜i, e
iiQ˜i , acts on these non-Galileon NG fields as in eq. (4.18). On the Galileon fields
θA and ξAµ , it acts linearly according to the representation R,
θA → (eiiti)A
B
θB, ξAµ →
(
ei
iti
)A
B
ξBµ . (4.27)
The spacetime coordinate xµ is left intact by all these internal symmetry transformations.
Based on these symmetry transformation rules, we expect a very simple structure of
the invariant action. Namely, the g-part of the MC form, Ω, is completely independent of
the Galileon fields θA and ξAµ , and it only transforms nontrivially under the Q˜i generators
themselves. Eq. (4.27) tells us that θA and ξAµ transform linearly under the whole subalgebra
g, both its unbroken and broken part. Under the transformations generated by QA and
KµA, these fields transform as a set of n independent Galileon copies, see eq. (4.26). The
Galileon and non-Galileon NG fields therefore to a large extent decouple.
Invariant contributions to the Lagrangian. At the end of the day, the redundant
modes ξAµ have to be eliminated by imposing a set of IHCs,
ωAQ = 0 ⇒ ξAµ = ∂µθA. (4.28)
Since the vielbein stemming from ωµP is trivial, the only building blocks that we have at hand
to construct invariant Lagrangians are then ωAKµ = (e
−iθata)AB∂µ∂νθ
Bdxν ≡ ωAKµνdxν , and
the MC form for the g-fields, Ω. The latter can be used to build invariant operators using
standard tensor methods; see ref. [53] where all such invariant operators in spacetime
dimension from one to four up to the fourth order of the derivative expansion have been
classified. The form ωAKµ can be used to build invariants in pretty much the same way, by
taking a product of several factors of ωAKµ, or their covariant derivatives, and contracting
the indices with invariant tensors of the unbroken symmetry group. The simplest example
of such an invariant is δABω
A
Kµνω
Bµν
K . In this particular case, the factor e
−iθata drops out
and thus such Lagrangians give no interactions between the Galileon and non-Galileon
sectors. However, in case the representation ti is reducible with respect to the unbroken
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part of g, one can easily construct more general operators of the type cABω
A
Kµνω
Bµν
K , where
cAB is a symmetric invariant tensor of the unbroken subalgebra of g. In the extreme case
that g is completely broken, cAB can take arbitrary values. Another natural option how
to generate interactions between the Galileon and the non-Galileon sector is to simply
multiply invariant operators constructed separately from Ω and from ωAKµ.
WZ terms. Since upon imposing the IHCs (4.28), ωAKµ contains two derivatives of θ
A,
canonical kinetic terms for the Galileon fields θA can only be constructed as WZ terms,
and it is therefore imperative to check whether such WZ terms exist. Following closely
Witten’s construction of WZ terms, used in ref. [69] to obtain the Galileon Lagrangians
in the single-flavor case, we search for these as invariant 5-forms that belong to the Lie
algebra cohomology of the symmetry. To see how this works on a simple example, consider
the 5-form
ω5 ≡ κλµνcAωAQ ∧ dxκ ∧ dxλ ∧ dxµ ∧ dxν . (4.29)
Invariance of ω5 under the internal symmetry requires invariance of cA under the unbroken
part of g, or more precisely under the representationR thereof. Now recall the MC structure
equation (C.3), which in the present case implies that
dωAQ = dx
µ ∧ ωAKµ − i(ti)ABΩi ∧ ωBQ , dωAKµ = −i(ti)ABΩi ∧ ωBKµ. (4.30)
The precise form of Ωi depends on the pattern of symmetry breaking, but it must in any
case contain a term linear in gradients of the NG fields θa, proportional to Q˜adθ
a. Hence
for ω5 to be closed, cA must be invariant under the broken part of g in the representation
R, defined by the matrices ti. Altogether, invariance and closedness require that cA is
invariant under the whole algebra g in the representation R. It is then easy to see that
ω5 = dω4, where
ω4 = κλµνcAθ˜
Adxκ ∧ dxλ ∧ dxµ ∧ dxν , (4.31)
where
θ˜A ≡ (e−iθata)ABθB, ξ˜Aµ ≡ (e−iθ
ata)ABξ
B
µ . (4.32)
Using once more the required invariance of cA under the representation R of g, this is easily
seen to correspond to the tadpole Lagrangian density, L = cAθ
A.
Following this example and the analogy with the case of the single-flavor Galileon [69],
we can now construct a whole class of WZ terms using as building blocks the 1-forms ωµP ,
ωAKµ and ω
A
Q,
ω15 = κλµνcAω
A
Q ∧ dxκ ∧ dxλ ∧ dxµ ∧ dxν ,
ω25 = κλµνcABω
A
Q ∧ ωBκK ∧ dxλ ∧ dxµ ∧ dxν ,
ω35 = κλµνcABCω
A
Q ∧ ωBκK ∧ ωCλK ∧ dxµ ∧ dxν ,
ω45 = κλµνcABCDω
A
Q ∧ ωBκK ∧ ωCλK ∧ ωDµK ∧ dxν ,
ω55 = κλµνcABCDEω
A
Q ∧ ωBκK ∧ ωCλK ∧ ωDµK ∧ ωEνK .
(4.33)
Closedness and invariance under the internal symmetry require that the coefficients cAB···
are invariant tensors of the representation R of g, fully symmetric in all their coefficients.
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Explicit integration then shows that all these 5-forms belong to the Lie algebra cohomology,
that is, are given by an exterior derivative of a noninvariant 4-form ω4, where, in turn,
ω14 = κλµνcAθ˜
Adxκ ∧ dxλ ∧ dxµ ∧ dxν ,
ω24 = κλµνcAB
(
θ˜AωBκK ∧ dxλ ∧ dxµ ∧ dxν + 18 ξ˜A · ξ˜Bdxκ ∧ dxλ ∧ dxµ ∧ dxν
)
,
ω34 = κλµνcABC
(
θ˜AωBκK ∧ ωCλK ∧ dxµ ∧ dxν + 13 ξ˜A · ξ˜BωCκK ∧ dxλ ∧ dxµ ∧ dxν
)
, (4.34)
ω44 = κλµνcABCD
(
θ˜AωBκK ∧ ωCλK ∧ ωDµK ∧ dxν + 34 ξ˜A · ξ˜BωCκK ∧ ωDλK ∧ dxµ ∧ dxν
)
,
ω54 = κλµνcABCDE
(
θ˜AωBκK ∧ ωCλK ∧ ωDµK ∧ ωEνK + 2ξ˜A · ξ˜BωCκK ∧ ωDλK ∧ ωEµK ∧ dxν
)
.
The value of the coefficient in front of ξ˜A · ξ˜B in ωk4 agrees with the general value, valid in
D spacetime dimensions, (k − 1)/[2(D − k + 2)], see e.g. ref. [41].
Remarkably, all dependence on the non-Galileon NG fields θa drops thanks to the
required invariance of the coefficients cAB···. What we get upon imposing the set of
IHCs (4.28) is the set of standard multi-Galileon Lagrangians. By introducing a short-
hand notation for the antisymmetrized products of second derivatives of θa,
GA1···Akk ≡
1
(4− k)!α1···αkµk+1···µ4
β1···βkµk+1···µ4(∂β1∂
α1θA1) · · · (∂βk∂αkθAk), (4.35)
where we set G0 ≡ 1, and some manipulation using integration by parts, our multi-Galileon
Lagrangians can be expressed as
Lk = cA1···Akθ
A1GA2···Akk−1 . (4.36)
This is a direct generalization of the multi-Galileon Lagrangians discussed, for instance, in
ref. [69] to an arbitrary Lie algebra g and its arbitrary real finite-dimensional representation
R. The existence of such Lagrangians is only constrained by the existence of the fully
symmetric invariant tensors cAB··· for the given representation R.
Summary of invariant actions. Altogether, we have found the following possible con-
tributions to the action for the Galileon fields θA and the non-Galileon NG fields θa. The
former possess a set of WZ terms (4.36), which provide their canonical kinetic terms and
dominant interactions. While the existence of the WZ terms in general depends on the
symmetry algebra, the kinetic term is generally present, since cAB = δAB is an invariant
tensor of any real representation of an arbitrary (compact) Lie algebra g.
The NG fields θa likewise possess an infinite class of terms, independent of θA, which
can be constructed using their MC form Ωi ≡ Ωiµdxµ. The leading contribution to their
Lagrangian is given by cabΩ
a
µΩ
bµ, where cab is a rank-two invariant tensor of the unbroken
part of g [53]. In higher orders of the derivative expansion, WZ terms may be present in
this non-Galileon sector as well, and are known to be classified by the de Rham cohomology
of the coset space of the broken symmetry [67, 68].
Interaction terms bringing together the Galileon and non-Galileon fields may be easily
constructed in higher orders of the derivative expansion. They are obtained either as
invariant operators built out of the MC form ωAKµ, or as products thereof with invariants
constructed out of Ω.
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Since the construction of strictly invariant contributions to the effective Lagrangian is
a routine task once the MC form is known, let us conclude with some remarks regarding
the WZ terms. While we have constructed the WZ terms (4.36) in analogy with the known
multi-Galileon Lagrangians, we cannot exclude the existence of other WZ terms for the
Galileon fields θA. Namely, all our WZ terms were obtained using the Levi-Civita tensor
κλµν to build a Lorentz-invariant 5-form. However, the Lorentz group has two additional
invariant tensors of rank up to four, gµν and gκλgµν , which admit additional invariant
5-forms in case of several Galileon flavors such as
cABCDω
A
Q ∧ ωBQ ∧ ωCQ ∧ ωDKµ ∧ dxµ, cABCDωAQ ∧ ωBKµ ∧ ωCKν ∧ ωDµK ∧ dxν ,
cABCω
A
Q ∧ ωBKµ ∧ ωCKν ∧ dxµ ∧ dxν , cABCDEωAQ ∧ ωBKµ ∧ ωCKν ∧ ωDµK ∧ ωEνK .
(4.37)
We have not performed an exhaustive search here, but we have checked that the two 5-forms
on the first line above, upon integration and imposing the IHCs (4.28), lead to Lagrangian
densities that are total derivatives, and hence do not affect the perturbative physics of the
NG modes.
Likewise, we cannot on general grounds exclude the existence of WZ terms that mix
the Galileon and non-Galileon fields in that they are constructed out of both ωAQ and Ω. We
however expect that, if possible at all, such terms will be strongly constrained by symmetry,
as opposed to the general WZ terms (4.36) that exist for an infinite class of Lie algebras
and their representations.
4.2.2 Generalized DBI solutions
The generalized Galileon solutions are characterized by vanishing fAB. We will now show
that a similar construction can be carried out in the opposite limit, that is when fAB is
assumed to be nonsingular.
With this assumption, we can use fAB and its inverse as a metric to raise and lower
indices. Using the experience gained in the analysis of the single-flavor case in section 4.1.1,
we can now redefine the generators Qi as
Q˜i ≡ Qi + hAifABQB. (4.38)
It is then a matter of straightforward algebra using the Jacobi constraints (4.4)–(4.11) to
show that the commutation relations including the generators Qi and KµA reduce to
[Pµ,KνA] = igµνQA,
[KµA,KνB] = i(fABJµν + gµνQAB),
[Q˜i,KµA] = (ti)
B
AKµB,
[KµA, QB] = −ifABPµ, (4.39)
[QA, QB] = 0,
[Q˜i, QA] = (ti)
B
AQB,
[Q˜i, Q˜j ] = iΛ
k
ijQ˜k,
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where we additionally defined QAB ≡ ΞiABQi. Since Q˜A ≡ aiAQ˜i = 0, the set of generators
Qi splits up into the QAs and those of the Q˜is that are nonzero. Accordingly, the Lie
algebra of these internal symmetry generators acquires the structure of a semidirect sum
of the subalgebra generated by the Q˜is and the Abelian subalgebra generated by the QAs.
The former acts on the latter through the representation ti.
At this point, we can forget about all the constraints (4.4)–(4.11), for the commutation
relations are fully determined by the Lie algebra of the generators Q˜i, its representation
ti and the metric fAB. Moreover, eqs. (4.4), (4.5) and (4.7) together with fAB = −aiAhBi
imply that fAB is an invariant metric of the representation ti, that is,
(ti)
C
AfCB + (ti)
C
BfAC = 0. (4.40)
The structure defined by eq. (4.39) generalizes the set of commutators in eq. (3.10) with
u = 0 to multiple flavors of the shift generators QA, and we will therefore refer to it as
the generalized DBI theory. It has an elegant geometric interpretation [55]. Note that the
linear combinations QAB satisfy the commutation relations
[QAB, QCD] = i(fADQBC + fBCQAD − fACQBD − fBDQAC),
[QAB, QC ] = i(fBCQA − fACQB),
[QAB,KµC ] = i(fBCKµA − fACKµB).
(4.41)
These together with the other commutation relations, listed above, imply that Jµν , KµA,
QAB, Pµ and QA generate a group of isometries of an extended spacetime with the metric
gµν ⊕ fAB. The generators QAB play the role of rotations in the extra dimensions, labeled
by A,B, . . . , QA that of translations therein, and finally KµA that of rotations between the
physical (Minkowski) and the extra dimensions. The remaining internal generators Q˜i act
on the extra-dimensional coordinates through the representation ti. The generators QAB
then naturally form a rank-two antisymmetric tensor under this representation,
[Q˜i, QAB] = (ti)
C
AQCB + (ti)
C
BQAC . (4.42)
Coset construction. In order to proceed, we use the same coset parameterization as in
the generalized Galileon case, eq. (4.24). It is then straightforward to evaluate some of the
components of the MC form without making further simplifying assumptions. Using the
shorthand notation
ĉh(x) ≡ cosh√x, ŝh(x) ≡ sinh
√
x√
x
, Π νµ ≡ fABξAµ ξνB, q BA ≡ fACξµCξBµ , (4.43)
we obtain
ωµP = dx
ν(ĉh Π) µν − dθAfABξνB(ŝh Π) µν ,
ωAQ = (e
−iθata)AB
[
dθC(ĉhq) BC − dxµξCµ (ŝhq) BC
]
.
(4.44)
The coset construction also gives us the symmetry transformation rules. The extended
spacetime translations act as expected and amount to trivial shifts of the coordinate xµ
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(by the generator Pµ) and of θ
A (by the generator QA), respectively. The transformations
generated by Q˜i act linearly as in eq. (4.27). The transformations generated by K
A
µ , with
parameter βAµ , take a more complicated form this time,
xµ → xν(ĉh Πβ) µν + θAfABβνB(ŝh Πβ) µν ,
θA → θB(ĉhqβ) AB + xµβBµ (ŝhqβ) AB ,
ξAµ → ξAµ + βAµ +O(β2, ξ2),
(4.45)
where (Πβ)
ν
µ ≡ fABβAµ βνB and (qβ) BA ≡ fACβµCβBµ .
Invariant actions. In analogy with the single-flavor case, we do not expect any interest-
ing WZ terms for the generalized DBI theory. We can therefore focus on the construction
of strictly invariant Lagrangians.
At the end of the day, the redundant modes ξAµ are disposed of by imposing a set of
IHCs, ωAQ = 0. This gives ξ
A
µ implicitly in terms of ∂µθ
A as a solution of the condition
∂µθ
A = ξBµ
(
ŝhq
ĉhq
) A
B
. (4.46)
The leading-order action is then given solely by integrating the invariant volume measure,
d4x
√−G. The metric Gµν ≡ gαβeαµeβν is in turn constructed from the vielbein, extracted
from ωµP . Using the IHC (4.46) leads to
Gµν = gµν − fAB∂µθA∂νθB, (4.47)
as a direct multi-flavor generalization of eq. (3.21).
Similarly to the generalized Galileon case, the leading-order action built up from this
metric is independent of the non-DBI NG fields θa altogether. Yet, just as in the generalized
Galileon case, the form of the action is a nontrivial result. The metric fAB appearing here
(just like the coefficients cAB··· in the Galileon case) is namely constrained to be invariant
under the whole algebra of Q˜i, regardless of which of its generators are spontaneously
broken and which remain unbroken.
The leading-order action for the non-DBI fields θa, and at the same time the leading
interaction between these and the DBI fields θA, is obtained using the MC form Ωi, and
takes the form ∫
d4x
√−GcabΩaµΩbµ, (4.48)
where cab is a rank-two invariant tensor of the unbroken part of the algebra of Q˜i. Higher-
order actions can be likewise constructed by putting together more factors of Ωaµ, by employ-
ing ωµAK , or by taking their covariant derivatives. These, however, require the knowledge
of the spin connection, not evaluated here.
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5 Summary and conclusions
In this paper and its companion [55], we have initiated a classification of effective theories
featuring enhanced soft limits from the symmetry point of view. The motivation for this
work was the fact that physical massless scalars are always NG bosons of a spontaneously
broken global symmetry. Our main tool was the Lie-algebraic classification of extensions of
the physical symmetry by adding a set of additional, spontaneously broken but redundant,
generators.
To warm up, we analyzed Lorentz-invariant theories for a single physical NG boson.
As expected, we only “rediscovered” theories that are already well known. Our approach,
however, helped to clarify the relation between the Galileon and DBI theories, and to
shed new light on the extended symmetry of the special Galileon. Next, we focused on
Lorentz-invariant theories featuring several physical NG bosons. With some simplifying
assumptions on the symmetry Lie algebra, we then found two infinite classes of algebraic
structures, leading to effective theories combining NG bosons with and without enhanced
soft limits. These classes contain as their special cases all the known theories of the multi-
Galileon and multi-flavor DBI type. Concrete theories in these classes are determined
by choosing a set of geometric data such as a Lie algebra and its real finite-dimensional
representation, or (in the DBI case) an invariant metric on the target space of the rep-
resentation. A fully general solution to all the Lie-algebraic constraints on symmetries
possessing redundant generators is given in Ref. [55].
In our future work, we plan to analyze in detail some concrete examples of the multi-
flavor theories constructed here. More importantly, however, we will extend the framework
developed here to systems lacking Lorentz invariance, commonly found in condensed-matter
physics. In the context of high-energy physics, one may think of redundant symmetries
as a useful tool to generate actions for NG bosons with enhanced scattering amplitudes.
In condensed-matter physics, on the contrary, there are numerous examples of naturally
occurring physical symmetries that are redundant, for instance Galilei boosts in superfluids
or spatial rotations in crystals [47, 54, 79, 80]. While the problem of mere counting of NG
bosons in such systems is by now well understood, we plan to initiate their study from the
point of view of scaling of scattering amplitudes.
It would also be interesting to clarify to what extent the framework developed here can
be used to study the scattering amplitudes of higher-spin massless particles. Recent studies
showed that some of the scalar theories discussed here can be recovered through dimensional
reduction of higher-dimensional theories of spin-one and spin-two particles [81, 82]. On the
other hand, the investigation of vector effective field theories with enhanced soft limits of
scattering amplitudes was initiated in ref. [83]. Nevertheless, it remains to be seen whether
such exceptional theories can be addressed from the symmetry point of view, which is the
starting assumption of our approach.
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A Summary of the results
In this appendix, we give an overview of systems featuring enhanced soft limits of scat-
tering amplitudes that were discussed throughout this paper, without the clutter of the
intermediate steps of all their derivations. In each case, we list merely the corresponding
Lie algebra and the basic building blocks for the construction of invariant actions. This is
meant to allow others to use our results without having to go through the technical details.
A.1 Single NG boson and singly enhanced soft limit
Lie algebra
The symmetry generators include those of spacetime rotations (Jµν), spacetime translations
(Pµ) and the spontaneously broken internal symmetry (Q), and a vector of redundant
generators (Kµ). The nontrivial commutation relations of the Lie algebra read
[Jµν , Jκλ] = i(gµλJνκ + gνκJµλ − gµκJνλ − gνλJµκ),
[Jµν , Pλ] = i(gνλPµ − gµλPν),
[Jµν ,Kλ] = i(gνλKµ − gµλKν), (A.1)
[Pµ,Kν ] = igµνQ,
[Kµ,Kν ] = −ivJµν ,
[Kµ, Q] = ivPµ,
where v is a real parameter. This general structure includes the Galileon algebra (v = 0)
and the five-dimensional Poincare´ algebra (v 6= 0), leading to the DBI theory. Note that
there is a further extension of this algebra, discussed in section 3.1. It is isomorphic to the
five-dimensional conformal algebra, but does not lead to enhanced soft limits, and thus is
omitted from the overview given here.
Building blocks for invariant actions
The basic building blocks for invariant actions stem from the MC form, and are given by:
• The vielbein,
eαµ = δ
α
µ +
ξαξµ
ξ2
(
1
cos
√
vξ2
− 1
)
, (A.2)
where the auxiliary field ξµ is defined implicitly by
∂µθ = ξµ
tan
√
vξ2√
vξ2
, (A.3)
– 34 –
and θ is the physical NG boson field.
• The metric, induced by the vielbein,
Gµν = gαβe
α
µe
β
ν = gµν + v∂µθ∂νθ. (A.4)
• Covariant derivative of the auxiliary field,
∇µξν =
[
δνα
sin
√
vξ2√
vξ2
+
ξνξα
ξ2
(
cos
√
vξ2 − sin
√
vξ2√
vξ2
)]
∂µξ
α. (A.5)
If needed, higher-order covariant derivatives, or in general covariant derivatives of tensor
fields, are accomplished using the spin connection,
ωµνλ =
1
ξ2
(1− cos
√
vξ2)(ξν∂λξ
µ − ξµ∂λξν). (A.6)
The invariant volume measure in the action then reads d4x
√−G = d4x√1 + v∂µθ∂µθ,
and invariant Lagrangian densities are constructed from products of tensor fields with
their indices contracted by the metric Gµν or its inverse.
12
In addition to strictly invariant Lagrangian densities, the symmetry algebra admits a
set of WZ terms in the v = 0 (Galileon) case. These coincide with the standard Galileon
terms, see ref. [69] for more details. It is also shown therein that the more general v 6= 0
(DBI) case admits a single WZ term, corresponding to L = θ, the tadpole Lagrangian.
This should, however, be omitted from any consistent theory of an interacting massless
scalar. All physically relevant Lagrangians can in the DBI case therefore be obtained using
the procedure outlined above.
A.2 Single NG boson and doubly enhanced soft limit
Lie algebra
In addition to the generators Jµν , Pµ, Q and Kµ, the Lie algebra now contains an additional
traceless symmetric tensor Sµν . The nontrivial commutators of the Lie algebra read
[Jµν , Jκλ] = i(gµλJνκ + gνκJµλ − gµκJνλ − gνλJµκ),
[Jµν , Pλ] = i(gνλPµ − gµλPν),
[Jµν ,Kλ] = i(gνλKµ − gµλKν),
[Jµν , Sκλ] = i(−gµλSνκ + gνκSµλ − gµκSνλ + gνλSµκ),
[Pµ,Kν ] = igµνQ,
[Sµν , Sκλ] = is(gµλJνκ + gνκJµλ + gµκJνλ + gνλJµκ),
[Sµν , Pλ] = i(gµλKν + gνλKµ − 12gµνKλ),
[Sµν ,Kλ] = is(gµλPν + gνλPµ − 12gµνPλ),
(A.7)
12Note that the metric Gµν and its inverse G
µν can likewise be used to lower and raise indices of all the
covariant objects listed here. However, the Lorentz indices appearing inside their definitions, for instance
those on ξαξµ in e
α
µ , are naturally raised and lowered using the flat-space Minkowski metric gµν . The same
remark applies to all the other theories listed in this appendix.
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where s = ±1. (The case s = 0, also discussed in section 3.2, does not lead to any nontrivial
models with a doubly enhanced soft limit.) Both signs correspond to the symmetry of the
special Galileon. Note that it is also possible to extend the Lie algebra of Jµν , Pµ, Q,
Kµ by adding a Lorentz-singlet redundant generator. This, however, does not lead to any
theories of an interacting NG boson with a nontrivially realized doubly enhanced soft limit.
Building blocks for invariant actions
The basic building blocks for invariant actions, as given by the MC form, are:
• The vielbein,
eαµ = cosh(
√
sβ)αµ +
√
s ∂µξν sinh(
√
sβ)αν , (A.8)
where ξµ is an auxiliary vector and βµν is an auxiliary traceless symmetric tensor.
• The metric, induced by the vielbein, Gµν = gαβeαµeβν .
• Covariant derivative of the auxiliary vector field, ∇µξν , defined implicitly by
eαν∇µξν =
sinh(
√
sβ)αµ√
s
+ ∂µξν cosh(
√
sβ)αν . (A.9)
• Covariant derivative of the auxiliary tensor field, ∇λβµν , defined implicitly by
eαµe
β
ν∇λβµν = ∂λβµν
[
B−1 sinh(
√
sB)
]αβ
µν√
s
, (A.10)
where
Bαβµν ≡ βαµδβν − ββν δαµ . (A.11)
The auxiliary vector field is eliminated by setting ξµ = ∂µθ, where θ is the physical NG
boson field. The auxiliary tensor field is eliminated by setting the traceless symmetric part
of ∇µξν to zero. The remaining building blocks for the construction of invariant actions are
then the singlet covariant derivative ∇µξµ, the antisymmetric part of ∇µξν , and ∇λβµν .
Covariant derivatives of these building blocks can be constructed using the spin connection,
ωµνλ = ∂λβ
αβ
{
B−1[cosh(
√
sB)− 1]}µν
αβ
. (A.12)
In four spacetime dimensions, there is a single WZ term admitted by the symmetry algebra,
corresponding to the special Galileon; see appendix C for details.
A.3 Multiple NG bosons: DBI-like theory with a single redundant generator
Lie algebra
In this case, the Poincare´ algebra is extended by an arbitrary set of internal symmetry
generators (Qi) and a single redundant vector (Kµ). In the particular solution of all the
Lie-algebraic constraints, generalizing the DBI theory, the generators Qi can be split up
into Q˜ and Q˜i such that
[Jµν , Jκλ] = i(gµλJνκ + gνκJµλ − gµκJνλ − gνλJµκ),
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[Jµν , Pλ] = i(gνλPµ − gµλPν),
[Jµν ,Kλ] = i(gνλKµ − gµλKν),
[Pµ,Kν ] = igµνQ˜,
[Kµ,Kν ] = −ivJµν , (A.13)
[Kµ, Q˜] = ivPµ,
[Kµ, Q˜i] = 0,
[Q˜, Q˜i] = 0,
[Q˜i, Q˜j ] = iΛ
k
ijQ˜k.
In this basis, the Lie algebra is manifestly given by a direct sum of that of the DBI theory,
reviewed in appendix A.1, and that of the internal symmetry generators Q˜i.
Building blocks for invariant actions
The construction of invariant actions for the DBI part of the theory is explained in ap-
pendix A.1. The non-Abelian sector of the generators Q˜i contributes through its own MC
form Ω, defined by
Ωµ ≡ −ie−iθ˜aQ˜a∂µeiθ˜aQ˜a , (A.14)
where θ˜a are the NG fields, associated with the broken generators Q˜a. The broken part
of Ωµ represents the covariant derivative of the physical NG fields θ
a. The unbroken part,
on the other hand, is needed to construct covariant derivatives of fields that transform
nontrivially under the internal symmetry.
A.4 Multiple NG bosons: general multi-Galileon theory
Lie algebra
This is a different extension of the Poincare´ algebra, allowing for multiple redundant vector
generators, labeled as KAµ . The nontrivial commutation relations of the algebra read
[Jµν , Jκλ] = i(gµλJνκ + gνκJµλ − gµκJνλ − gνλJµκ),
[Jµν , Pλ] = i(gνλPµ − gµλPν),
[Jµν ,KλA] = i(gνλKµA − gµλKνA),
[Pµ,KνA] = igµνQA,
[KµA,KνB] = 0,
[Qi,KµA] = (ti)
B
AKµB,
[Qi, Qj ] = iΛ
k
ijQk,
[Qi, QA] = (ti)
B
AQB,
[QA, QB] = 0,
(A.15)
where QA ≡ aiAQi is a set of particular linear combinations of the generators Qi, corre-
sponding to those NG modes whose scattering amplitudes feature enhanced soft limits.
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Furthermore, (ti)
B
A is a set of matrices that define a representation of the internal sym-
metry group generated by Qi. Below, we construct a class of theories of this type, where
all the generators Qi can be split into two sets, Q˜i and QA, both of which form a closed
Lie algebra. Any theory in this class is determined by specifying the Lie algebra g of the
generators Q˜i and its representation R, defined by the matrices (ti)
B
A. The full internal
symmetry algebra is isomorphic to the semidirect sum gnRn, n being the dimension of R.
Building blocks for invariant actions
Invariant actions are constructed as functionals of a set of Galileon fields θA, one for each
generator QA, and the NG fields θ
a, one for each spontaneously broken generator Q˜a. The
basic building blocks are:
• The vielbein, which is trivial for this class of theories, eαµ = δαµ .
• Covariant derivative of the auxiliary field ξµA,
∇µξνA = (e−iθata)AB∂µξBν , (A.16)
which is related to θA by ξAµ = ∂µθ
A.
• The MC form for the generators of g,
Ωµ ≡ −ie−iθaQ˜a∂µeiθaQ˜a . (A.17)
The broken part thereof, Ωaµ, represents the covariant derivative of the physical NG
fields, ∇µθa. The unbroken part, on the other hand, is needed to construct covariant
derivatives of fields transforming nontrivially under the internal symmetry algebra g.
In addition to strictly invariant Lagrangians, built out of ∇µξAν and Ωaµ and their covariant
derivatives, there is a series of WZ terms, expressed compactly as
Lk = cA1···Akθ
A1GA2···Akk−1 , (A.18)
where
GA1···Akk ≡
1
(4− k)!α1···αkµk+1···µ4
β1···βkµk+1···µ4(∂β1∂
α1θA1) · · · (∂βk∂αkθAk) (A.19)
for k = 1, . . . , 4, and G0 ≡ 1. Here cAB··· are required to be fully symmetric invariant
tensors of g in the representation R.
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A.5 Multiple NG bosons: general multi-flavor DBI theory
Lie algebra
This extension of the Poincare´ algebra again contains multiple redundant vector generators,
KAµ . The internal generators Qi can be divided into subsets QA and Q˜i such that
[Jµν , Jκλ] = i(gµλJνκ + gνκJµλ − gµκJνλ − gνλJµκ),
[Jµν , Pλ] = i(gνλPµ − gµλPν),
[Jµν ,KλA] = i(gνλKµA − gµλKνA),
[Pµ,KνA] = igµνQA,
[KµA,KνB] = i(fABJµν + gµνQAB),
[KµA, QB] = −ifABPµ,
[Q˜i,KµA] = (ti)
B
AKµB,
[Q˜i, Q˜j ] = iΛ
k
ijQk,
[Q˜i, QA] = (ti)
B
AQB,
[QA, QB] = 0,
(A.20)
where the generators QA correspond to the NG modes featuring scattering amplitudes with
enhanced soft limits. The matrices (ti)
B
A define a representation of the internal symmetry
subalgebra with generators Q˜i. The matrix of coefficients fAB is a rank-two symmetric
invariant tensor of this representation. The generators QAB, appearing on the right-hand
side of [KµA,KνB], satisfy the relations
[QAB, QCD] = i(fADQBC + fBCQAD − fACQBD − fBDQAC),
[QAB, QC ] = i(fBCQA − fACQB),
[QAB,KµC ] = i(fBCKµA − fACKµB),
[Q˜i, QAB] = (ti)
C
AQCB + (ti)
C
BQAC .
(A.21)
Altogether, the generators Jµν , KµA, QAB, Pµ and QA span the Lie algebra of infinitesimal
isometries of the extended spacetime with the metric gµν ⊕ fAB. Any theory in this class
is determined by specifying the Lie algebra of the generators Q˜i, its representation ti and
the invariant metric fAB.
Building blocks for invariant actions
The physical degrees of freedom are the DBI fields θA, one for each generator QA, and the
non-DBI NG fields ta, one for each spontaneously broken generator Q˜a. Invariant actions
are then constructed using the following building blocks:
• The vielbein,
eαµ = (ĉh Π)
α
µ − ∂µθAfABξνB(ŝh Π) αν , (A.22)
where
ĉh(x) ≡ cosh√x, ŝh(x) ≡ sinh
√
x√
x
, Π νµ ≡ fABξAµ ξνB, q BA ≡ fACξµCξBµ ,
(A.23)
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and the auxiliary vector field ξµA is defined implicitly through
∂µθ
A = ξBµ
(
ŝhq
ĉhq
) A
B
. (A.24)
• The metric, induced by the vielbein,
Gµν = gαβe
α
µe
β
ν = gµν − fAB∂µθA∂νθB. (A.25)
• Covariant derivative of the auxiliary field, ∇µξνA, not evaluated here.
• The MC form for the generators Q˜i,
Ωµ ≡ −ie−iθaQ˜a∂µeiθaQ˜a . (A.26)
Its broken part, Ωaµ, represents the covariant derivative of the physical NG fields,
∇µθa. The unbroken part, on the other hand, is needed to construct covariant deriva-
tives of fields transforming nontrivially under the algebra of Q˜i.
Covariant derivatives of tensor fields are obtained using the spin connection, not evaluated
here. The invariant volume measure for the action reads d4x
√−G. Invariant Lagrangian
densities are constructed from products of tensor fields with their indices contracted by the
metric Gµν or its inverse.
B Choosing the basis of the Lie algebra
When classifying possible Lie-algebraic structures associated with redundant symmetries,
it is important to take into account the freedom to choose a basis of the Lie algebra;
we saw in section 3.1.2 that even apparently quite different commutation relations can in
fact correspond to the same Lie algebra. Apart from a trivial rescaling of some of the
generators which allows us to eliminate some of the free parameters in the commutation
relations, we often encounter the situation that a generator X acts on a two-dimensional
subspace spanned on two other generators, A and B, as a linear mapping,
[X,A] = i(aA+ bB), [X,B] = i(cA+ dB). (B.1)
The matrix of coefficients a, b, c, d can be reduced by changing the basis using the following
elementary statement from linear algebra, which we formulate as a simple theorem:
Theorem 1 Every real 2× 2 matrix M can by a real similarity transformation be brought
to the form (
κ λ
sλ κ
)
, (B.2)
where κ = 12trM and s = sgn
[
(trM)2 − 4 detM], and λ is real and non-negative.
The proof of this theorem is a simple exercise and we thus skip details. Let us just note that:
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• The case s = +1 corresponds to M having two real eigenvalues equal to κ± λ.
• The case s = −1 corresponds to M having two complex-conjugate eigenvalues, κ± iλ.
• The case s = 0 corresponds to a single eigenvalue κ. In this case, the parameter λ (if
nonzero) can be removed by a change of basis and eq. (B.2) is then exactly the usual
Jordan form of the matrix M .
C Searching for Wess-Zumino terms
While the invariant part of the effective Lagrangian can be constructed straightforwardly
using the MC form and tensor methods, the search for physically interesting theories fea-
turing enhanced soft limits cannot be concluded before we classify possible quasi-invariant
contributions to the effective Lagrangian, that is, terms invariant up to a gradient, com-
monly denoted as the WZ terms. We use Witten’s construction, where the WZ terms are
obtained as invariant Lagrangians in a spacetime of dimension one higher than the actual
physical spacetime. In four spacetime dimensions, this amounts to classifying all invariant
5-forms that belong to the Lie algebra cohomology of the symmetry. We follow ref. [69],
where Witten’s approach was used to obtain the Galileon Lagrangians as WZ terms.
C.1 Doubly-enhanced soft limit: spin-zero case
We want to construct invariant closed 5-forms out of the components of the MC form (3.40).
To that end, we first introduce the set of linearly independent, Lorentz-invariant 4-forms
ei, defined by
(e1, e2, e3, e4, e5) ≡ κλµν(ωκP ∧ ωλP ∧ ωµP ∧ ωνP , ωκK ∧ ωλP ∧ ωµP ∧ ωνP , ωκK ∧ ωλK ∧ ωµP ∧ ωνP ,
ωκK ∧ ωλK ∧ ωµK ∧ ωνP , ωκK ∧ ωλK ∧ ωµK ∧ ωνK) (C.1)
≡  · (ω4P , ωK ∧ ω3P , ω2K ∧ ω2P , ω3K ∧ ωP , ω4K).
Note that in case of the Galileon algebra, where ωµP = dx
µ, ωµK = dξ
µ and ωQ = dθ−ξ ·dx,
all the 5-forms ωi5 ≡ ωQ ∧ ei are trivially closed, and give rise to the five different Galileon
terms in four spacetime dimensions [69]. We will denote these compactly as
(g1, g2, g3, g4, g5) ≡ (dθ − ξ · dx) ∧ (dx4,dξ ∧ dx3, dξ2 ∧ dx2, dξ3 ∧ dx,dξ4) · . (C.2)
With the presence of the additional generator X, the candidate 5-forms are forced by the
assumed Lorentz invariance to be linear combinations of ωQ ∧ ei and ωX ∧ ei.
To move on, we need to know the exterior derivatives of all the components of the MC
form. Let us write the MC form generally as ω = ωiTi, where Ti is the set of generators of
the symmetry group. These components satisfy the MC structure equation
dωi =
1
2
f ijkω
j ∧ ωk, (C.3)
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where f ijk are the structure constants of the symmetry group, defined by [Ti, Tj ] = if
k
ijTk.
We then infer that
d
(
ωµP
ωµK
)
=
(
κ s
1 κ
)(
ωµP ∧ ωX
ωµK ∧ ωX
)
,
dωQ = ω
µ
P ∧ ωKµ + 2κωQ ∧ ωX ,
dωX = 0.
(C.4)
As a consequence, we find that
dei = −ωX ∧M ijej , where M ij ≡

4κ 4s 0 0 0
1 4κ 3s 0 0
0 2 4κ 2s 0
0 0 3 4κ s
0 0 0 4 4κ
 . (C.5)
Note that all the 5-forms ωX ∧ ei are trivially closed. On the other hand, once written in
terms of the physical field θ, these lead to Lagrangian densities containing two derivatives
per field, just like the leading invariant part of the Lagrangian. We therefore focus on the
5-forms ωQ ∧ ei, which should by construction contain 2n− 2 derivatives for n factors of θ,
and should therefore, if present, dominate the low-energy physics.
As a consequence of the linear independence of the 4-forms ei and of the fact that
d(ωQ ∧ ciei) = 2κωQ ∧ ωX ∧ (ciei) + (ciM ij)ωQ ∧ ωX ∧ ej , (C.6)
closed invariant 5-forms of the type ω5 = ωQ ∧ ciei are in a one-to-one correspondence
with the left eigenvectors of the matrix M + 2κ1 with zero eigenvalue. This matrix has
exactly one such eigenvector for any of the three allowed values of s and κ = 0. For s 6= 0,
it also has such an eigenvector for κ = ±√s/3 and κ = ±2√s/3. Since the parameter κ
determines the commutation relations of the real Lie algebra of the symmetry generators,
it must itself be real; these extra solutions therefore only exists for s = 1.
Let us first focus on the solutions for s 6= 0. In this case, the unique closed 5-form
ω5(s, κ) can be written in the neat form
ω5(s, κ) = ωQ ∧
(
ωK +
ωP√
s
)2−3κ
∧
(
ωK − ωP√
s
)2+3κ
· . (C.7)
It turns out that the dependence on the auxiliary field φ drops from all the forms. Put
together with the single solution for s = 0, the full list of closed invariant 5-forms ω5(s, κ)
for various combinations of s and κ reads, in terms of the Galileon 5-forms (C.2),
ω5(1,±23) = g1 ∓ 4g2 + 6g3 ∓ 4g4 + g5,
ω5(1,±13) = −g1 ± 2g2 ∓ 2g4 + g5,
ω5(±1, 0) = g1 ∓ 2g3 + g5,
ω5(0, 0) = g1.
(C.8)
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We can see that regardless of the values of s and κ, the WZ term always contains g1, which
upon integration over the extra dimension translates into the tadpole term, L = θ. We
conclude that extending the Galileon algebra by an additional scalar generator X does not
lead to any nontrivial physical theories describing an interacting massless scalar.
C.2 Doubly enhanced soft limit: spin-two case
We proceed in the same manner as in the spin-zero case, this time omitting some of the
straightforward technical details. Our task is again to construct invariant closed 5-forms,
and the building blocks we now have at hand are ωµνJ , ω
µ
P , ω
µν
S , ω
µ
K and ωQ, see eq, (3.53).
The components ωµνJ and ω
µν
S are uninteresting for the same reason as ωX in the spin-
zero case: once expressed in terms of θ, they lead to Lagrangian densities containing two
derivatives per field, just like the leading strictly invariant part of the Lagrangian.
Lorentz invariance then leaves us with ωi5 = ωQ ∧ ei as the only option, where ei take
the same form (but different values due to different ωµP and ω
µ
K) as in eq. (C.1). The
equivalent of eq. (C.5) now reads
dei = κλµνω
κα
S ∧ ωKα ∧

8s 0 0
0 6s 0
−43 0 4s
0 −6 0
0 0 −24

ωλP ∧ ω
µ
P ∧ ωνP
ωλK ∧ ωµP ∧ ωνP
ωλK ∧ ωµK ∧ ωνP
 , (C.9)
and we have d(cie
i) = −ωQ ∧ (cidei). The 5 × 3 matrix of coefficients in the above equa-
tion has rank three, and thus has two left eigenvectors with eigenvalue zero. Upon some
manipulation, the two corresponding closed 5-forms can be written as
ω15 = ωQ ∧ (dx+
√
sdξ)4 ·  = g1 + 4
√
sg2 + 6sg3 + 4s
3/2g4 + s
2g5,
ω25 = ωQ ∧ (dx−
√
sdξ)4 ·  = g1 − 4
√
sg2 + 6sg3 − 4s3/2g4 + s2g5.
(C.10)
These two have a unique combination that does not include the tadpole term g1,
ω15 − ω25 ∝ g2 + sg4. (C.11)
We conclude that for any s ∈ {−1, 0,+1}, there is a unique WZ term that arises from
extending the Galileon algebra by an additional traceless symmetric tensor of redundant
generators. For s = ±1, this exactly reproduces the special Galileon [39]. For s = 0, it is
a mere kinetic term for the physical NG field θ.
C.3 Multiple NG bosons and a single redundant generator
We want to see if it is possible to construct WZ terms out of the MC form (4.21). To that
end, we first write down the corresponding set of MC structure equations,
dωµP = −hiΩi ∧ ωµK ,
dωµK = −iiΩi ∧ ωµK ,
dωQ˜ = ω
µ
P ∧ ωKµ − iiΩi ∧ ωQ˜,
dΩi =
1
2
ΛijkΩ
j ∧ Ωk.
(C.12)
– 43 –
Lorentz invariance requires the candidate 5-forms to be built out of the 4-forms ei (C.1),
wedged into ωQ˜ or a particular component of Ω. However, the presence of the term iiKµ
in the commutator [Kµ, Q˜i], and likewise of iiQ˜ in [Q˜, Q˜i], implies that upon an unbroken
symmetry transformation ei
αQ˜α , both ωµK and ωQ˜ receive a factor e
αiα . Invariance of
the WZ 5-forms under the internal symmetry then requires that iα = 0. Taking now, for
instance, the set of 5-forms ωQ˜ ∧ ek, we find upon a short calculation that
d(ωQ˜ ∧ ek) = −kiiΩi ∧ ωQ˜ ∧ ek − (5− k)hiΩi ∧ ωQ˜ ∧ ek+1. (C.13)
This does not lead to any closed 5-forms unless iiΩ
i = hiΩ
i = 0. Given the already known
constraints iα = hα = 0, this in turn implies that whether or not some of the generators
Q˜i are spontaneously broken, the coefficients hi and ii must be zero. The only possibility
how to construct WZ terms for the Lie-algebraic structure (4.13) is therefore to take a
direct sum of the simplest Galileon algebra with an additional internal symmetry. Any
interactions between the Galileon and the non-Galileon NG sectors must then occur via
strictly invariant terms in the Lagrangian, where the enhanced soft limit of scattering
amplitudes for the Galileon mode is realized trivially.13
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